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Abstract
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A quaternion-Hermitian manifold, of dimension at least 12, with closed funda-
mental 4-form is shown to be quaternionic Kahler. A similar result is proved for
8-manifolds.

HyperKahler metrics are constructed on the fundamental quaternionic line
bundle (with the zero-section removed) of a quaternionic Kéhler manifold (indefi-
nite if the scalar curvature is negative). This construction is compatible with the
quaternionic Kahler and hyperKahler quotient constructions and allows quater-
nionic Kéhler geometry to be subsumed into the theory of hyperKéahler manifolds.
It is shown that the hyperK&hler metrics that arise admit a certain type of SU(2)-
action, possess functions which are Kéhler potentials for each of the complex struc-
tures simultaneously and determine quaternionic Kahler structures via a variant of
the moment map construction. Quaternionic Kéhler metrics are also constructed
on the fundamental quaternionic line bundle and a twistor space analogy leads to
a construction of hyperKéhler metrics with circle actions on complex line bundles
over Kéhler-Einstein (complex) contact manifolds.

Nilpotent orbits in a complex semi-simple Lie algebra, with the hyperKahler
metrics defined by Kronheimer, are shown to give rise to quaternionic Kahler met-
rics and various examples of these metrics are identified. It is shown that any
quaternionic Kahler manifold with positive scalar curvature and sufficiently large
isometry group may be embedded in one of these manifolds. The twistor space
structure of the projectivised nilpotent orbits is studied.
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Chapter 1
INTRODUCTION AND DEFINITIONS

A hyperKéhler manifold is a Riemannian 4n-manifold with a family of almost
complex structures which behave under composition like the multiplicative, pure-
imaginary, unit quaternions and which are covariantly constant with respect to the
Levi-Civita connection. If we only require that these almost complex structures
exist locally and that the Levi-Civita connection preserves this family as a whole,
then we obtain a quaternionic Kahler structure, at least if n > 2. Thus hyperKé&hler
manifolds are a special case of quaternionic Kahler manifolds. However, note that
quaternionic Kahler manifolds need not be Kahler.

HyperKahler and quaternionic Kahler manifolds are special classes of Einstein
manifolds. From this viewpoint it is natural to try and construct Einstein met-
rics on bundles over these manifolds. Einstein metrics on certain sphere bundles
over homogeneous manifolds, for example, were constructed by Jensen (1973) and
more recently Page & Pope (1986) discussed the Einstein equations on quaternionic
line bundles. We look for special solutions of these equations which carry infor-
mation about a quaternionic Kahler base manifold. In Chapter 2 we construct
hyperKéhler and quaternionic Kéhler metrics on the Z/2-quotient U (M) of the
natural quaternionic line bundle associated to a quaternionic Kahler manifold M.

These constructions are generalisations of fibrations

H\ 0 — H*"'\ 0 — HP(n)
H\ 0 — HP(n + 1) \ HP(n) — HP(n).

1



1. Introduction 2

In four-dimensional geometry, hyperKahler manifolds are already well-known
under a different name: they are Ricci-flat self-dual spaces. Quaternionic Kéahler
manifolds are then a higher dimensional generalisation of self-dual Einstein mani-
folds. These 4-manifolds possess twistor spaces which are complex 3-folds encod-
ing the conformal structure of the original manifolds in holomorphic data. Sala-
mon (1982) showed that higher dimensional twistor spaces are associated to any
quaternionic Kahler manifold and the inverse of this twistor construction has been

studied by LeBrun (1989) and Pedersen & Poon (1989).

The manifold U(M) with its hyperK&hler metric may be regarded as a gen-
eralised twistor space, the geometry of M now being encoded in triholomorphic
data. In Chapter 3 we discuss the inverse construction which produces a quater-
nionic Kéhler manifold from a hyperKéahler manifold admitting a certain type of
SU(2)-action. The construction is a variation of the Marsden-Weinstein symplectic
reduction procedure: this produces a symplectic manifold of dimension k£ — 2dim G
from a symplectic k-manifold N and an action of a Lie group G on N which pre-
serves the symplectic structure. This reduction also applies to Kahler manifolds, and
Hitchin et al. (1987) showed how it could be generalised to hyperKéhler manifolds
(this time the dimension is reduced by four times dim ). Galicki & Lawson (1988)
produced a quaternionic Ké&hler version of this moment map construction and in
Chapter 3 we see that quaternionic Kéhler and hyperKéahler quotients are compat-
ible with our construction of U (M), that is, the associated bundle U of the quater-
nionic Kéahler quotient of M by G may be obtained as the hyperKéahler quotient
of U(M). Thus quaternionic K&hler 4n-manifolds may be studied in terms of spe-
cial types of hyperKéhler (4n 4 4)-manifolds. Since the product of two hyperKéhler
manifolds is again hyperKahler, this enables us to construct a quaternionic Kéhler
manifold J(Mj, Ms) of dimension 4 + dim M; + dim M> from two quaternionic

Kahler manifolds M;, Ms. An interpretation of the quaternionic Kahler quotient
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construction in terms of twistor spaces will be discussed in Chapter 4. Moment
maps for circle actions on hyperKahler manifolds are intimately related to Kéahler
potentials. In Chapter 3 we see that the particular type of SU(2)-action required
above gives rise to a function which is simultaneously a Kahler potential for each

complex structure.

HyperKahler metrics are essentially distinguished from more general quater-
nionic Kéhler ones by having zero scalar curvature. The hyperKéahler metrics
on U(M) are a special case of the quaternionic Kéhler metrics and arise as a limit
as the scalar curvature tends to zero. In this setting, the underlying quaternionic
structure of U (M) contains Einstein metrics with both zero and non-zero Ricci ten-
sors, a phenomenon which in four-dimensions only occurs when the underlying space
is conformally flat (Brinkman, 1925). When M is Gry(C™), M may be regarded
as a quaternionic Kéahler quotient of HP(n — 1) by U(1), and so U(Gre(C")) is a
hyperKahler quotient of flat space H™ by the circle. It is well-known that this par-
ticular hyperKahler quotient may be deformed so as to produce the hyperKéahler
metric on 7*CP(n — 1) constructed by Calabi (1979). Thus the hyperKahler metric

on U(Gry(C™)) also arises as a limit of complete hyperKahler metrics.

The compact homogeneous quaternionic Kahler manifolds were studied by
Wolf (1965). The associated bundles for these manifolds may be interpreted as
orbits of highest roots in the Lie algebra of the complexified isometry group. In
Chapter 4, we study the nilpotent orbits of a complex, semi-simple Lie group and
see that these are always associated bundles U (M). We show that the quaternionic
Kahler manifolds lie in a certain subvariety of the Grassmannian of three-planes
in the real Lie algebra. In general, these manifolds are not complete, but vari-
ous examples may be described in terms of finite quotients of Wolf spaces. The
twistor spaces of these manifolds are just the projectivised nilpotent orbits and the

twistor space of any quaternionic Kéhler manifold, with positive scalar curvature
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and sufficiently large isometry group will arise in this way.

The holonomy groups of irreducible Riemannian manifolds were classified by
Berger (1955) and Alekseevskii (1968). For spaces which are not locally symmet-
ric, they obtained the families SO(n), U(n), SU(n), Sp(n) Sp(1), Sp(n) and two
exceptional groups Go and Spin(7) (which can only occur in dimensions 7 and
8, respectively). Simons (1962) observed that these were most of the simply-
connected groups which act transitively on the finite-dimensional spheres. The
group SO(n) corresponds to generic geometry; U(n) and SU(n) give Kahler and
special K&hler manifolds; and Sp(n) Sp(1) and Sp(n) correspond to quaternionic
Kahler and hyperKéahler geometries, respectively. Complete, non-symmetric met-
rics with holonomy either G2 or Spin(7) have now been constructed by Bryant &
Salamon (1989). Each of the above geometries is given by invariant parallel differ-
ential forms: U(n) holonomy is given by a Kéhler 2-form; special Kéhler manifolds
possess a parallel complex volume form in addition to the Kahler form; quaternionic
Kahler manifolds have a fundamental 4-form; hyperKéahler metrics are given by a
quaternion-valued 2-form; holonomy G5 is determined by a 3-form and Spin(7) met-
rics have an invariant parallel 4-form. In the cases of Gy and Spin(7), there are
simple criteria in terms of exterior derivatives for these forms to define structures
with the required holonomy. For hyperKé&hler structures, Hitchin (1987) shows that
it is sufficient for the quaternionic 2-form to be closed. In Chapter 5, we show that
for a manifold of dimension at least 12, the holonomy is contained in Sp(n) Sp(1)
if and only if the fundamental 4-form is closed. Thus to construct a quaternionic
Kahler metric on a manifold of dimension at least 12, it is sufficient to find a 4-form
of the correct algebraic type and show that this 4-form is closed. This result forms
the basis of many of our constructions, but its proof bears little relation to the

applications and so it is delayed to a self-contained part of Chapter 5.

The reader is referred to Kobayashi & Nomizu (1963) and Griffiths & Harris
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(1978) for standard terminology from differential and algebraic geometry. Manifolds
will be taken to be smooth (C°°), second countable and connected, unless otherwise

stated.

1.1 HyperKahler Manifolds

An almost complez structure on a manifold M is an endomorphism J € End(TM)
of the tangent bundle such that J? = —1. This makes each T, M into a complex
vector space and forces M to be even-dimensional.

Suppose M admits two anti-commuting, almost complex structures I and J,
so we have I? = —1 = J? and IJ = —JI. If we define K = JI then K? = —1, so
K is also an almost complex structure. In fact, M has a family Z of almost complex
structures parameterised by the space S? of unit imaginary quaternions in Im Hj;

since, if ai + bj + ck € S, then

(al +bJ 4+ cK)* = —(a®> +b* + ) = —1.

We may define a left action of H on T, M by

(a+Bi+vj+6k)- X =aX +BIX +vJX + KX,

for X € T,M and «,(,7v,6 € R. So T, M is a left H-module and, in particular,
its real dimension is a multiple of 4. If, in addition, M has a pseudo-Riemannian
metric g which is preserved by I and .J, then for each A € Z we may define a 2-form
w4 on M by

wa(X,Y) = g(X, AY),

for each X,Y € T, M.
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Definition 1.1.1. A (pseudo-) Riemannian manifold M is (pseudo-) hy-
perKdhler if it has a pair of anti-commuting almost complex structures

and J which preserve the metric and are such that

dw; = dwy = dwg =0, (1.1.1)

where w4 is defined above and K = 1.J.

Note that wy4 is non-degenerate, so (1.1.1) is just the requirement that w, is
a symplectic form for each A € Z. We may put these three conditions into one, by

defining a quaternion-valued 2-form w € Q2(M, H)

w:w1i+wjj+ka

and requiring that dw = 0. Note that this definition only depends on Z and so could
be studied in the language of bunches of forms, see Gindikin (1982a,b, 1986).

The basic example of a hyperKéahler manifold is flat space H", or more gener-
ally H"*/T' = (H" \ {0})/T, for " a finite subgroup of SU(2). An important case for
us will be the quotient H* /Zs = R x RP(3). Examples of compact hyperKéhler
manifolds are provided by K3 surfaces, which are complex surfaces with first betti
number b; = 0 and first Chern class ¢; = 0 (see Calabi, 1980). Compact examples
in higher dimensions have been constructed by Fujiki (1983), Mukai (1984) and
Beauville (1983). Closely related to K3 surfaces are the Enriques surfaces; these
are complex surfaces with by = 0 and 2¢; = 0 (see Hitchin, 1974). However, in
general, Enriques surfaces are only locally hyperKéahler. Calabi (1979) gives exam-
ples of hyperKahler structures on cotangent bundles of certain spaces, for example
T*CP(n), and hyperKéhler metrics have been shown to exist on various moduli

spaces of solutions of the Yang-Mills equations. These will be discussed later, but
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one important case is the result of Kronheimer (1988, 1989b) that both the nilpo-
tent and semi-simple orbits of a semi-simple complex Lie algebra are hyperKahler.
The Calabi metric on T*CP(n) is then an example of a hyperKéhler metric on a
semi-simple orbit in su(n + 1,C). Note that any Ricci-flat, self-dual 4-manifold is
locally hyperKahler (see Besse, 1987; the definition of self-duality will be given later
in the chapter).

If N is a complex manifold, the complex structure on NN gives rise to an almost
complex structure J € End(T'N) (see Wells, 1979). An almost complex structure J
on N is said to be integrable if it comes from some complex structure on N. The

torsion of an almost complex structure .J is defined by

N(X,Y)=2{[JX,JY] - [X,Y] - J[X,JY] - JJX,Y]}

for each XY € TN. The relationship between the torsion and integrability
of J is given by the following theorem, proofs of which may also be found in

Hormander (1966) and Kohn (1963).

Theorem 1.1.2. (Newlander & Nirenberg, 1957) An almost complex

structure J on N is integrable if and only if its torsion vanishes. O

The definition of a hyperKéhler manifold should be compared with that for a
Kahler manifold. In the Kéhler case, we have only one almost complex structure I
and require that dw; = 0 and that [ is integrable. The integrability requirement
does not enter the definition of hyperKéhler manifold as we have the following

lemma.

Lemma 1.1.3. (Hitchin, 1987) On a pseudo-Riemannian manifold M
with almost complex structures I, J and K as above, I, J and K are

integrable if dw = 0, i.e. if M is pseudo-hyperKéhler. O
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In future, when we talk about a manifold with almost complex structures I, .J

and K we will require that they satisfy the relations

’=-1=J? IJ=—-JI =K.

1.2 Other Quaternionic Geometries

A 4n-dimensional manifold M is said to be almost quaternionic if there is a sub-
bundle G of End(T M) such that for each € M there is a neighbourhood U over
which G|y has a basis {1, J, K} of almost complex structures with K = IJ = —J1.
Note that this is only a local basis. If M is Riemannian, the metric g is said to be
compatible with G if

g(AX, AY) = g(X,Y),

for each X, Y € T,M and A € G, such that A2 = —1. We can construct a

compatible metric g from any Riemannian metric ¢’ by defining
9(X,Y) = 1(¢' (X, V) + ¢’ (IX, 1Y) + ¢'(JX,JY) + ¢' (KX, KY)).

An almost quaternionic manifold with a compatible metric is called a quaternion-
Hermitian manifold.

On a quaternion-Hermitian manifold (M, G, g) we have an isometric embedding
G — A*T*M, given by A, + (wa).. If I,J, K is a local basis of G as above, we
define the fundamental 4-form of M by

D=wrANwrt+wjAwy +wrg \wgk.

This is a non-degenerate form which is well-defined globally.
If dim M is at least 8, we are now in a position to say what is meant by a
quaternionic Kahler structure on M. The definition for 4-manifolds will be given

later.



1.2 Other Quaternionic Geometries 9

Definition 1.2.1. If n > 1, a 4n-dimensional quaternion-Hermitian man-
ifold is quaternionic Kdhler if VQ = 0, where V is the Levi-Civita connec-

tion.

This immediately implies that € is closed and, since

VQ:2(Vw1/\w1—|—VwJ/\wJ—|—VwK/\wK),

the condition V{2 = 0 implies that the Riemannian connection preserves the subbun-
dle G of A2T*M. The following result will be used in constructions of quaternionic
Kahler metrics in later chapters. However, its proof can be safely delayed until

Chapter 5 since it is does not depend on those results.

Theorem 1.2.2. If M is a quaternion-Hermitian manifold of dimension
at least 12, then df2 determines V(). In particular, d{2 = 0 implies V{2 = 0
and that M is quaternionic Kahler.

A quaternion-Hermitian 8-manifold is quaternionic Kahler if and only
if the fundamental 4-form 2 is closed and the algebraic ideal generated by
the subbundle G of A>T*M is a differential ideal.

It is not known whether there exist compact quaternion-Hermitian 8-manifolds for
which df2 vanishes but V(2 is non-zero.

Let the group Sp(n) be defined by

Sp(n) = { A€ M,(H): A'A=1},

where M, (H) denotes the quaternionic n x n-matrices and A! is the conjugate

transpose of A. We let (A4, q) € Sp(n) x Sp(1) act on & € H" by
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Now (—A,—q) acts as (A,q), so we have an induced action of Sp(n)Sp(l) =
Sp(n) xz, Sp(1) on H™ which exhibits Sp(n) Sp(1) as a subgroup of SO(4n).

The definition of a quaternionic Kahler manifold is equivalent to the require-
ment that the linear holonomy group (see Kobayashi & Nomizu, 1963) is contained
in the subgroup Sp(n) Sp(1) of SO(4n). Alekseevskii (1968) shows that this im-
plies M is an Einstein manifold. In particular, if we regard the curvature tensor R

of M as a self-adjoint endomorphism of A2T*M, then
Rlg = Aidg, (1.2.1)

where A is a positive multiple of the scalar curvature x of M (see also Ishihara,

1974).

If M is 4-dimensional, then V{2 = 0 is automatically satisfied, since € is just
three times the volume form. However, there is an extension of the definition of
quaternionic Kahler manifold. Suppose M is an oriented, Riemannian 4-manifold
with volume form v. The Hodge star operator x: A"T*M — A*~"T*M is defined
by a A B = g(a, B)v, for o, B € A"T*M. For r = 2, +* =1 and A*T*M = A2 & A?,
where A% are the +1-eigenspaces of *. The two eigenspaces are the bundles of self-

dual and anti-self-dual 2-forms respectively. With respect to this decomposition

A B

of A°T*M, the Riemann curvature tensor R is ( ) and Singer & Thorpe

B* C

(1969) give the following decomposition into irreducible components
R+ (TrA,B,A— 3 TrA,C — : Tx O).

Here Tr A = Tr C' = k/4, where k is the scalar curvature, B is the traceless Ricci

tensor and, putting W, = A — %TrA, W_ =C- %Tr C, W =W, 4+ W_ is the
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Weyl tensor. Now M is said to be Einstein if B = 0 and it is said to be self-dual if

W =W, that is if W_ =0. Asin (1.2.1), these two conditions imply that

K

Rlo —
g D

idg,

where G = A2 .

Definition 1.2.3. A 4-dimensional, oriented, Riemannian manifold M is

quaternionic Kahler if M is Einstein and self-dual.

Further motivation for this definition comes from the following result of Marchi-
afava (1990). Call a submanifold N of a quaternion-Hermitian manifold M quater-
nionic, if for each x € N, T, N is an H-submodule of T, M. Marchiafava shows that
a four-dimensional quaternionic submanifold of a quaternionic Kéhler manifold is

self-dual and Einstein with respect to the induced metric.

Note that in both the 4- and 4n-dimensional cases, quaternionic Kahler mani-
folds are not necessarily Kahler. Even if a quaternionic Kéahler manifold does possess
a Kahler structure, this need not be compatible with the quaternionic structure,
as in the case of Gra(C™). Because quaternionic Kéhler manifolds are Einstein of
dimension strictly bigger than 2, their scalar curvature is necessarily constant (see
Kobayashi & Nomizu, 1963). If M is a quaternionic Kéhler manifold with zero
scalar curvature, then the restriction of the Riemann tensor to G is zero and so G is
flat. If M is also simply connected then this implies that G is trivial and that M is
hyperKahler. Conversely, if M is hyperKahler then its scalar curvature vanishes
and its linear holonomy group is a subgroup of Sp(n) < Sp(n) Sp(1). In view of this
discussion, from now on we will usually take the expression ‘quaternionic Kahler’

to imply non-zero scalar curvature.
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The model example of a quaternionic Kéahler manifold is quaternionic projective
space HP(n). The compact homogeneous quaternionic Kéhler manifolds were stud-
ied by Wolf (1965). He obtains five exceptional spaces, which we list in Chapter 2,
and three infinite families: HP(n); the Grassmannian Gry(C™) of 2-planes in C" and
the Grassmannian 6}}4(R") of oriented 4-planes in R™. The non-compact duals of
these spaces are also quaternionic Kahler. Non-compact, non-symmetric examples
were obtained by Alekseevskii (1970, 1975) and quaternionic K&hler orbifolds have
been constructed by Galicki & Lawson (1988). If HP(n) is embedded in Gry(C?"*2)
by regarding C?"*2 as H" ™!, then the normal bundle is 7 HP(n) and this inherits
an incomplete quaternionic Kahler metric from that of the Grassmannian.

Moving away from the Riemannian category, there are the following two notions
corresponding to hyperKahler and quaternionic Kéahler. A hypercomplexr manifold
is a manifold with complex structures I, J and K such that IJ = —JI = K. Even

though we have not fixed a compatible metric, there is a natural connection.

Theorem 1.2.4. (Obata, 1956) If X is a 4n-dimensional manifold with
a pair I, J of integrable, anti-commuting almost complex structures, then

there is a unique torsion-free connection V such that

VI

Il
o
Il

VJ.

g

On a hyperKahler manifold this connection is just the Levi-Civita connection.
The following definition, which will appear naturally in Chapter 5, is due indepen-
dently to Bérard-Bergery (see Besse, 1987) and Salamon (1986): a quaternionic
manifold is a manifold M with a bundle G together and a compatible torsion-free

connection. This implies that locally there are sections of G which are integrable
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complex structures. Quaternionic Kahler manifolds are quaternionic, the relevant

connection being the Levi-Civita connection.



Chapter 2
BUNDLE CONSTRUCTIONS

The basic examples of hyperKéahler and quaternionic Kéahler manifolds are
H"+! and HP(n), with their flat and symmetric metrics respectively. The twistor
space of HP(n) is CP(2n + 1). These spaces are clearly intimately related from the
algebraic viewpoint. In this chapter we begin our exploration of the links between
their natural metrics. We show how the hyperKihler metric of H*™! can be re-
covered either from HP(n) or from CP(2n + 1). Also, we see how HP(n) defines
the quaternionic Kihler metric on H"*! induced from the identification H"+! =
HP(n + 1) \ HP(n) in such a way that the picture can be generalised. If M is
any quaternionic Kéahler 4n-manifold with positive scalar curvature, then Sala-

mon (1982) showed that there is a Ké&hler manifold Z naturally associated to M.

We define a (4n + 4)-manifold U (M) and obtain the following mappings.

H" 1\ 0 U(M)
N\ N\
l CP(2n +1) l Z
v
HP (n) M

We construct hyperKéhler and quaternionic Kéhler metrics on U (M). The twistor
space Z determines the quaternionic Kahler structure of M, so it is also possible to
construct the metrics on U (M) directly from Z. In the second part of this chapter we
show that hyperKahler metrics can be constructed on complex line bundles over a

larger class of complex-contact manifolds. We then describe U(M) for the compact

14
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homogeneous quaternionic Kéhler manifolds and show that the construction for
projective spaces is as claimed above.

In Section 4 we forget the symplectic forms and look at the integrability of
the almost complex structures on U (M*?), obtaining a hypercomplex structure pre-
cisely when M is self-dual. Integrability considerations over Kahler-Einstein man-
ifolds show that the metrics we construct over twistor spaces (and their general-
isations) are degenerate versions of the Ricci-flat, Kéhler metrics constructed by
Calabi (1979) on the canonical bundle. Calabi’s construction produces metrics
with holonomy SU(n + 1) from Einstein metrics with holonomy U(n). Our con-
struction over a quaternionic K&hler base is analogous, creating holonomy Sp(n+1)
from holonomy Sp(n) Sp(1). The construction on complex line bundles cannot be
described quite so cleanly, but working in the category of Einstein manifolds, it
produces Sp(n + 1)-holonomy from metrics with holonomy U(2n+ 1) and structure
group (1 x Sp(n)) U(1). Note that U(2n + 1) is the smallest irreducible holonomy
group consistent with such a structure group.

All the metrics in this chapter will be constructed on associated bundles. To fix
our conventions we recall how these are defined. Let M be an oriented Riemannian
manifold. A frame u on M at a point x is an orientation-preserving linear isome-
try u: R™ — T, M. These maps form a principal SO(n)-bundle which we denote
by SO(M). If M has holonomy group G < SO(n) then the bundle SO(M) may
be reduced to a principal G-bundle F' (see Kobayashi & Nomizu, 1963). To any
G-module W we associate a bundle W defined by

FxW
G b

W:FXGW:

where g € G acts on (f,w) € F x W by (f,w) g = (f-g, g ' w). This is a
vector bundle over M with fibre W. We usually write W for ¥V and not distinguish

between the bundle and the representation.
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2.1 Metrics Over a Quaternionic Kahler Base

If M is a quaternionic Kéhler manifold of dimension 4n, then its holonomy group
is a subgroup of Sp(n)Sp(1) and the reduced frame bundle F' consists of frames
w: H" — T, M which are compatible with the quaternionic structure. Locally,
F can be lifted to a principal Sp(n)x Sp(1)-bundle F which double covers F and this
enables the construction of bundles associated to representations of Sp(n) x Sp(1).
These bundles exists globally if either F' exists globally or (=1, —1) € Sp(n) x Sp(1)
acts as the identity.

The obstruction to the global existence of the double cover F is a cohomol-
ogy class ¢ € H?(M,Zs) defined by Marchiafava & Romani (1976). If M is 4n-
dimensional with n odd, then e vanishes if and only if the second Stiefel-Witney
class wy vanishes. The class wsy is the obstruction to lifting SO(M) to a principal
Spin(4n)-bundle. If wq vanishes, M is said to be a spin manifold. Salamon (1982)
noted that quaternionic Kahler 8n-manifolds are automatically spin and proved that
the only complete quaternionic Kéhler manifolds with positive scalar curvature for
which e vanishes are the quaternionic projective spaces HP(n).

There are two basic modules we consider: F is H" with

where A € Sp(n) and £ € H"; and H is H with

where ¢ € Sp(1) and y € H. If M is a 4-manifold then £ =V and H = V_ are just
the positive and negative spin bundles. From the realisation of Sp(n) Sp(1) as a

subgroup of SO(4n), we have that the complexified tangent bundle Tc M is F ®c¢ H.
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The bundle F' carries a canonical 1-form 6 with values in H" given by

0, (v) = u (),

where 7m: F' — M is the projection map, v € F and v € T, F. The Levi-Civita
connection on M induces a connection w € Q(F,sp(n) @ sp(1)) on F which is

torsion-free. The first structure equation then gives

dj = —w A 0.

Here w A 0 is the 2-form whose value on X, Y € T, F is

(WA(X,Y) = 5(w(X)-0(Y) —w(Y) - 0(X)),

1
2

where - denotes the action of sp(n) ®sp(1) on H”. Corresponding to this Lie algebra

splitting we write w = w4 +w_.

Lemma 2.1.1. If A denotes the usual exterior product on quaternion-

valued forms, then
df = —wi N0 —w_NO=—-wi N —O0ANw_. (2.1.1)
PROOF. The Lie algebra sp(n) consists of quaternion-valued n x n-matrices A such
that A+ A' = 0. If A € sp(n), ¢ € sp(1) =2 ImH and ¢ € H® then differentiating

the Sp(n) Sp(1)-action on H™ gives

(A+q)-£= A+ £q = AL - &q.
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It is now clear that wy A @ = wy A 6. The algebra Q(F,H") is Q(F) @ H", so we

can write w_ = > ; ® ¢; and § = > 8; ® & with oy, 8; € Q' (F) and ¢; € ImH,
i J

¢ € H", then

w,/‘\@zZaiAﬁijqifj=—Zai/\ﬂj®§j%
i,j 0]

225j/\04i®€jqz' =0 ANw-—,

t,J
as required. [l

The uniqueness of the Levi-Civita connection implies that (2.1.1) determines
w=wy +w_ as an element of Q(F,sp(n) @ sp(1)).

The metrics we construct will be defined on the bundle H which is the Sp(n) x
Sp(1)-quotient of F x H. The forms 0, wy can be pulled back to F x H, where they
will also be denoted by # and w4 respectively. There is a natural quaternion-valued
function z on F x H which is the pull-back of the identity map on H. We define a

quaternion-valued 1-form « on F x H by
a=dr—zw_.

Proposition 2.1.2. The forms 20'A 0% and a A@ on F x H are pull-backs

of forms on the Sp(n) x Sp(1)-quotient H.
PrOOF. We use the following well-known Lemma.

Lemma 2.1.3. If a Lie group G acts smoothly on a manifold N in such a
way that the quotient N/G is a manifold, then the projectionp: N — N/G

induces a natural isomorphism

O (N/G) — Qs (N)
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between forms on N/G and basic forms on N, that is forms u € Q*(N)

such that

*

g = and Xop =0,

for all g € G and for all X € TN such that p, X = 0.

In our case G is Sp(n) x Sp(1) and the action on Q*(F x H) will be denoted

by R ,. From the definitions of 6 and z, we have

R 0 = A'Yq, (2.1.2)

and

Ry o = 1q.

If p e QP(X,H), v € Q9(X, H) are two quaternion-valued forms on a space X, then

pAv=(-)"vApn. (2.1.3)

Therefore,

_ —
Rz’q(acﬁt/\ 0z) = acq(Ath) A AtOq(zq)
= 2qq0' A N A'Oqqz

= 20'A O7.

Consider the following commutative diagram in which all the maps are projec-

H
|
M

tions:
FxH =
P1

Yy

s

M —— X
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If X € T(EFxH) then 6(X) is zero if and only if 7,p; , X = 0. But 7,p1, X = 7fp, X,

which is zero if p.X = 0, so £ A 6% descends to H.

From equations (2.1.1) and (2.1.2)

Ry df = — (R wyi) A (A10q) — (A%0g) A (R jw_) .

Since R} , commutes with d, we also have

R} ,d0=d (/Itﬁq) =— (flthrA) A (Ath) — (Ath) A (qw—q) .

From the uniqueness of w, we obtain

Rz’qw+ = AtUJ+A,

* —

Ry ,w- = qu—q.

Thus for a, we have

R} 0 = agq, (2.1.4)

so a A & is Sp(n) x Sp(1)-invariant.

If X e T(u’y)(F x H) is such that p,X = 0, then X is tangent to the Sp(n) x
Sp(1)-action and we may write X = (u- (P, Q),yQ) for some (P, Q) € sp(n) ®sp(1).
By definition, w; (X) = P and w_(X) = @, so

a(X) = de(X) — (2w-)(X) = (yQ) -y Q@ =0,

as required. [l
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2

The function r* = zx also descends to H, so we may consider the 2-form

v=f(rHana+g(r?)zd' Aoz,

where f and g are arbitrary real-valued functions. From (2.1.3), we see that v takes
values in Im H and so defines three real 2-forms. In general, if = pg + p1? + pog +

pisk € Q'(X, H) then

A= (o A pr — pi2 A pa)i =+ (po A pz — p3 A pa)j + (o A ps — pa A pa)k.

Thus, the components of v are good candidates for symplectic forms on H.

Proposition 2.1.4. If f and r?g are nowhere zero and v is the form
defined above, then the i, 7 and k components of v are non-degenerate,

real 2-forms on H.

PROOF. The projection 7: F — M has an Sp(n) x Sp(1)-invariant distribution of
horizontal subspaces given by kerw. This defines a distribution D on F x H such

that for each (u,y) € F x H

Ty (F x H) = sp(n) © 5p(1) @ Dy & H. (2.1.5)

Thus D, , is isomorphic to kerw, < T, F and is Sp(n) x Sp(1)-invariant. So D de-

scends to a distribution H of horizontals on H such that at a € H
ToH=H, oH=D,,dH

whenever (u,y) € p~1(a). Here H is the space of vertical vectors, that is vectors
tangent to the fibre of H — M over 7! (a).

From the commutative diagram above, z6A 6% vanishes on verticals. It is non-
degenerate on H since 0 A 6 is non-degenerate on kerw. The form a = dx — xw_
vanishes on D, hence a A & vanishes on H. It is sufficient to show that a A @ is
non-degenerate on the verticals H; but on H, a A & is just dx A dx, which is clearly

non-degenerate. 0
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We can define a pseudo-Riemannian metric g; on H by

g1 = Re(f(rH)a®a+ g(r*)r?0'x 0).

Away from the zero section this metric is positive definite if f and g are both
strictly positive everywhere and the almost complex structures defined by g; and v

are independent of f and g. If we put

T=vAv
=fPaNaNala
+ fglanaANzf'AOT 4+ 20' N O A a A @)

+ @A ONOING,

then ¢; is pseudo-hyperKahler if dv = 0, and by Theorem 1.2.2, if dim M > 8§,
g1 is pseudo-quaternionic Kihler if dY = 0. Let G; be the subbundle of A2T*U (M)
generate by the i, 7 and k components of v. If M is four-dimensional, we obtain
pseudo-quaternionic Kahler metrics if, in addition, the algebraic ideal generated
by Gy is a differential ideal. In order to compute these exterior derivatives we

introduce the curvature forms €4+ of w4:

Qy =dwy +wi Awy, Q- =dw_ +w_ Nw_.

The base manifold M is Einstein, or in 4-dimensions Einstein and self-dual, if and
only if
Q- =ch'N0, (2.1.6)

where c¢ is a constant positive multiple of the scalar curvature k. For example, in

4-dimensions, ¢ is x/48.
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Theorem 2.1.5. The 4-form Y is closed if and only if

q 1
and 9= — ,
pre+4q

I= o vap

for some p, ¢ € R and the algebraic ideal generated by G, is a differential

ideal if and only if

Fe 1
)
for some real constant . Thus,
q 2 nt
= ———=Re(a®@a) + Re(0*® 6
N+ )2 ( )+ g el ed)

is a pseudo-quaternionic Kahler metric on H \ 0 away from the (possibly
empty) submanifold pr? +q = 0 and we have a pseudo-hyperKéhler metric
ifp=0.

PrROOF. We check the hyperKahler property first. From (2.1.6),

dao=—aANw_ —zQ_ = —aAw_ —cxb'A0,

SO

dlaNa)=—c(x@'NOANa+ a0 AOT).

Also, by (2.1.1),

dO*NO) = —w_ANONO+O'NOANw_,
SO

d(x0'N0T) = a AO'AOT + 20N O A &

This gives cpdv = d(a A @ + cxf* A 0Z) = 0 and that g; is pseudo-hyperKéhler in

this case.
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We now return to Y. For greater generality, consider
E=AlaNarara)+Blahanz0 AT +20'A0ZAana)+Cri(@ AONGING),

where A, B and C are real-valued functions of r2. In addition to the derivatives

calculated above, we have
dB'AONBNG) =d(xT" Q) =0

and

dr? = xd7 + dz T = za + of.

Using this second equation to rearrange terms, we calculate that

3 3 = =
= = (——§A+—2B+B’> dr A{aANa A xfAOT + 20N 0T A a A @)
r r

2 2 = 7
+ (——gB + 5C+ C’> rdr2 AGEAONOEN G,
T T

where ’ denotes differentiation with respect to 2. (Note that dr’ AaAaAaAa is
zero since it is a 5-form that can only be non-zero on a 4-dimensional distribution.)

Thus d= vanishes if and only if

—3—§A+%B+B’:0
T r

and
2 2
B+ C+C =0
r r
Putting A = f2, B = fg and C' = ¢ these equations imply that dY = 0 if and only
if

3c 3
S+ Ffa+fg+fg =0
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and
c g ’
g(——2f+—2+g> =0.
T T

If g(r?) # 0 then the second equation gives
2 1 2 7
f7)=-0"g' +g).

Substituting in the first equation implies

and that
-1
g(r*)=(pr’+q .
giving

3y =L+

oI

To find when the algebraic ideal generated by G; is a differential ideal, we

calculate dv:

dv = (— — —> (20" A 0 Az + ax A 20°A 0F)

+ fldr* NaNa+ g'dr? A xft A 0z

Because

dr’ NahNa=—-aZANaANa—alalza,

we see that the components of dv lie in Gy A T*U(M) C A3T*U(M) if and only if

Solving this differential equation gives the desired result. O
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Instead of v we can consider the 2-form

%2 (a(r®) za A az + b(r?) 20" A 0z )

where a and b are arbitrary functions of 72. This corresponds formally to inverting
the fibre of H by mapping r2 to 1/r2. In exactly the same way as above we obtain

pseudo-quaternionic Kahler metrics.

Theorem 2.1.6. On H there are pseudo-quaternionic Kahler metrics

go = P s Rea®a + Ref'® 6

~ c(pr? +q)

pr?+q
whose 4-forms are given by

2
b _ _
W(a/\a/\a/\a)

p _ t at _
+————(aNaNOPNGF+ONONCN
c(pr2+q)3(a o a )

1 _ _
+ ——=(O'NONGND).
(pr? +q)? ( )
When q = 0 these metrics are pseudo-hyperKahler away from the zero-

section. 0

Note that these quaternionic Kéhler metrics are defined across the zero-section,
so the original g7 metrics can be extended at infinity by adjoining a copy of M, but
they will still degenerate on the zero-section. We shall see in Section 3 that if
the base manifold is HP(n), then the total space of H \ 0 is H**'" (H"*! with
the origin removed). The hyperKé&hler metric is just the usual flat metric, which

may be completed by adjoining a point, and the quaternionic Kéhler metrics are
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induced by the inclusion H"*'*  HP(n + 1). These quaternionic Kihler metrics
are completed by adjoining a copy of HP(n) at infinity to give HP(n + 1).

So far we have only produced metrics on the bundle H which, as remarked
above, may only exist locally over M. Global statements may be obtained by

considering the bundle
Z/{(M) =F X Sp(n) Sp(1) (H*/Z2>

Locally, this is just the quotient of H by Zs = {£1}. The 2-form v and the metrics
g1 and go are invariant by this action and so descend to U(M). The above theorems
thus hold on U(M). In particular, fixing attention on g; and taking p,q > 0, we

have:

Theorem 2.1.7. If M is a quaternionic Kahler manifold with non-zero
scalar curvature, then the associated bundle U (M) is pseudo-hyperKéahler.
Also U(M) admits a family of pseudo-quaternionic Kéhler metrics which
have the pseudo-hyperKahler structure as a scalar curvature tends to zero
limit. All these metrics share the same underlying quaternionic structure

and they are positive definite if M has positive scalar curvature. U

That hyperKahler metrics may be obtained as the scalar curvature tends to
zero limit of families of quaternionic Kéhler metrics is suggested by the result of
Alekseevskii (1968). He shows that the curvature tensor of a quaternionic Kéahler
manifold decomposes as ARyp(n) + Ro, where Ryp(,) and Ry have the symmetries
of the curvature tensors of HP(n) and a hyperKéhler manifold respectively. Gal-
icki (1986) showed, using results of Bagger & Witten (1983), that the Calabi metric
on T*CP(n) could be obtained as a limit of the symmetric metric on the Wolf
space Gra(C"2). The families of metrics we produced above have the additional

property that the topology does not change in the limit.
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Corollary 2.1.8. If M is a self-dual, Einstein, spin 4-manifold with scalar
curvature x and V_ \ 0 is its negative spin bundle with the zero section
removed. Then V_ \ 0 is hyperKahler if K > 0 and V_ \ 0 is pseudo-
hyperKéhler if k < 0. Also V_\ 0 admits pseudo-quaternionic Kahler met-

rics in the same quaternionic structure which are positive-definite if k > 0.

g

The bundle V_ is naturally associated to the conformal structure on M%. In

fact we may write the fibre of U(M) as

CO™(4) _ Sp(1) GL(1,H)

SU@). ~ sp). /e =RPG) xR

The last two descriptions of the fibre of U(M) apply in all dimensions. From the
definition, U (M) is a principal H* /Zs-bundle, with action induced from the action
of g € H* on £ € H given by & - ¢ = g€. The action permutes the complex struc-
tures U (M), thus showing that they are all equivalent. This is not true in general
where the cohomology class of I, say, may be different from those for the other struc-
tures, as in case of the moduli space for solutions of the self-duality equations over a
Riemann surface (Hitchin, 1987), or all three cohomology classes may differ, as for
the asymptotically locally Euclidean (ALE) 4-manifolds (Kronheimer, 1989a). Note
that RP(3) = (Sp(n) Sp(1))/ Sp(n) parameterises those Sp(n)-structures which are
compatible with a given quaternionic Kahler structure on R*". This is exactly
analogous to the way that SO(2n)/ U(n) parameterises all almost complex struc-
tures compatible with a given metric and orientation on R?". Quaternionic Kihler

manifolds have a twistor operator D defined to be the composition

HYSHoT*M=H®EH =FES*H® H — ES?H,
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where the last map is projection. From Salamon (1986) we see that a section s
of U(M) is a hyperKéhler submanifold only if it is a solution of the twistor equa-
tion Ds = 0.

Since the constructions of metrics in this section only use properties of the
representations of the complexified group Sp(n, C) Sp(1, C), they may be generalised
to the case of a pseudo-quaternionic Kéahler base manifold M. If the metric on M
has signature (4p, 4¢q) then the pseudo-hyperKéahler metrics of the last theorem will
have signature (4p + 4, 4q) if the scalar curvature of M is positive or (4p,4q + 4) if

it is negative.

2.2 Metrics Over Kahler-Einstein Contact Manifolds

The twistor space Z of a quaternionic Kéhler manifold is the CP(1)-bundle consist-
ing of almost complex structures compatible with the quaternionic Kahler structure
on M. It may be obtained from U (M) by fixing one of the complex structures and
then projectivising, so

Z =PU(M)),

which is locally P(H). This induces a complex structure on Z and exhibits U (M)
as the total space of a holomorphic line bundle on Z with the zero section removed.
Salamon (1982) shows that Z is Kdhler-Einstein manifold and that it has a complex

contact structure.

Definition 2.2.1. If N is a complex (2n + 1)-manifold, then a complex
contact structure on N is a line bundle £ together with a holomorphic

1-form ¢ taking values in £, such that ¢ A (dg)™ is nowhere zero.

These structures on Z may be derived from the hyperKéhler metric on U (M) as

follows. Fix one of the complex structures I on U (M), then there is a subgroup U(1)
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of Sp(1) which acts preserving I and permuting J and K. The moment map
associated to this U(1)-action is just the function 72, and so we obtain the twistor
space as the Kéahler quotient of &(M). The norm of the vector field generated by
the circle action is constant on the level sets of the moment map and this can be
used to show that the twistor space is also Einstein (cf. Futaki, 1988). The complex

contact structure is given by the following result.

Proposition 2.2.2. Let N be a hyperKahler manifold, with complex
structures I, J, K. Suppose U(1) acts on N preserving I and permuting
J and K, then the Kéhler quotient of N by U(1) is a Kéhler contact

manifold.

PROOF. This proof is essentially due to LeBrun (1983). Let X be the vector field
generated by the U(1)-action. Without loss of generality we may assume LxJ = K
and Lx K = —J. Let P be the symplectic quotient of N4 with respect to the Kihler
form w; associated to I. Hitchin et al. (1987) show that this quotient manifold is
actually Kahler, so it only remains to show that it is a complex contact manifold.
If 11 is the moment map associated to the Kéhler quotient, then S := p~1(z) is

a principal U(1)-bundle over P. Define a line bundle L over P by
L=2S XU(l) C,

where g € U(1) acts by g - (s,2) = (g - s,92). Let wy, wx be the Kdhler forms
associated to J and K respectively and define w = wj +iwg. We define the contact
form ¢ on P to be p = X _w. If g € U(1), then g*¢ = gy, so ¢ takes values in L

and if o: P — S is a local section, then
o (A (d)"Y) = o (X ow) A (Lxw)"™Y) = i"~Lo* (X ),

which is does not vanish since X is vertical for the projection and (w A @)™ is a

non-zero multiple of the volume form of N. O
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Note that U(M) is dual to the contact bundle and this leads us to construct
hyperKahler metrics over other Kahler-Einstein contact manifolds. Twistor spaces
also have a real structure o. This is an antiholomorphic involution and is naturally
defined by the Sp(1)-action on U(M). Suppose the U(1) preserving I is given by e%.
Let j be an element of Sp(1) such that on U(M), je?? = e~%j. Then j descends
to the real structure ¢ on Z. Theorems indicating when a general Kahler-Einstein
contact manifold is a twistor space will be discussed in Chapter 4.

Let N be a complex (2n+1)-manifold with a complex contact structure {L, p}.

We have an exact sequence

0—D—T'N-2 £ —0,

where T"N is the holomorphic tangent bundle of N and D is the distribution ker (.
Kobayashi (1959) shows that the structure group of N may be reduced to U(1) x
(Sp(n) ® U(1)), since TN = D & L and dy behaves like a symplectic form on D.
The definition of the contact structure shows that (£*)®"*+1 is isomorphic to the
canonical bundle K of N. This implies that £* = A?"D and we may restrict to
frames (I,D): C @ H* — T'N such that {" = det D. Thus the structure group
actually reduces to (1 x Sp(n)) ® U(1).

Let F' be the principal (1 x Sp(n)) ® U(1)-bundle of frames u: C®OH" — T, N
compatible with the complex contact structure of N. The tangent bundle T'N
is (COE)®V asan (1 x Sp(n))® U(1)-module, where E is the basic representation
of Sp(n), as before, and V' is the U(1)-module C with w - v = wwv, for w € U(1)
and v € C. The contact line bundle is now just the bundle associated to V' and the
contact form is projection.

If N has a Kéahler structure compatible with the complex contact structure,

then the holonomy group of N is a subgroup of U(2n + 1). If § € QY(F,C @ H") is
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the canonical 1-form, then the Levi-Civita connection descends to give a 1-form w
in Q! (F,u(2n+1)) such that df = —wAf. Corresponding to the Lie algebra splitting
u(2n + 1) = u(l) @ su(2n + 1), we write w = wy + w_. Locally, we can work on
a line bundle £-/2 such that £-%/2 ® £~1/2 = £*. This may be constructed by
choosing a double cover S! of U(1) and taking the bundle associated to the standard
representation of S' on W = C. Let z be the pull-back of the identity map on W

and let 72 = 2z. As before, define a 1-form a by
oa=dz— zwy.

Lemma 2.2.3. If N is also an Einstein manifold, then there is an almost

Kéhler structure on £~/2\ 0 with metric
g =Re(a®a+ 20" 0)
and 2-form
v=aAa+ \r0'A0,

where \ is some positive constant multiple of the scalar curvature of N.

PROOF. For A € Sp(n) and ¢ € S, we have R 0= A9¢? and R} oz = (z. Also,
w4 is invariant under this group action. Exactly as for the bundle H, we see that
v and ¢ are well-defined on £1/2,

It is now sufficient to show that v is closed, as it is clearly non-degenerate away

from the zero section. From the definition of «,
dao = —dzwy — zdwy = —awy — 2804,

where Q| = dwy +w, Aw,. Since N is Kihler-Einstein, we have Q, = M*A 6 and
that
dlana) = —Qy ANdr? = =X0'AO A dr? = —\d(r?0' A 6).

Thus v is closed. O
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~1/2\ 0 is integrable, as will be

The almost complex structure so defined on £
seen from Hitchin’s lemma, but a direct proof will also be presented when we discuss
the relation with the Calabi metric later in this chapter.

The canonical 1-form 6 on F' splits as § = 6, +6_ corresponding to the splitting
of QY(F,C @ H™). With respect to the complex structure defined by g and v, we

have that 220, is a well-defined holomorphic 1-form on £~1/2

. This is essentially
the contact form on N and d(z20,) provides the rest of the hyperKihler structure

on £7/2\ 0 and also its Z/2-quotient £* \ 0.

Proposition 2.2.4. Let N be a (2n + 1)-dimensional Kéhler-Einstein
manifold with a compatible complex contact structure and positive scalar
curvature. Then

g=Re(a®a+ \?0'®0)
is a hyperKahler metric on L£* \ 0, where L is the contact line bundle

over N.

PROOF. It remains to show that d(220, ) and v are compatible. We will assume that
the scalar curvature of N has been normalised so that A = 1. The compatibility
requirement is that there is a H""!-valued 1-form p + p/j such that (u + p'j) A
(W4 pWj)=puANa+p A+ 20 A pjis the 2-form v + d(220.)5.
Now
v=aAa+r20,. N0 +1r20" NG
and
d(2%0,) = 2zdz N O, + 2%d6,.

Since, 6, is the contact form, our assumption of compatibility of the complex con-
tact and Kihler structures shows that df, and —* A@_ are compatible on the distri-
bution D. Thus, 22df, and 20 AO_ are compatible. Also, taking p+pu'j = 20, +aj

we see that 2za A0, and a A & + 720, A 6, are compatible. 0
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If N is the twistor space of a quaternionic Kéhler manifold M then this metric
agrees with one previously constructed on U (M) = L£*\ 0. This can be seen as
follows. If we apply the proposition to CP(1) with its standard structure, then a
computation analogous to the one below for HP(n) shows that we obtain the flat
metric on C2*. The metric constructed over N now consists of this flat metric in
the (0, a)-direction and a multiple of the metric on M in the remaining directions,
which is the way that the metric of U(M) decomposes with respect to the fibre and
horizontal directions.

If we just regard £*\ 0 as a complex symplectic manifold then it is the sym-
plectification of the complex contact manifold N in the sense of Arnol’d (1978).
The construction of hyperKéahler metrics in the first section may then be regarded

as a quaternionic enhancement.

2.3 Examples

The model examples of quaternionic Kéhler manifolds are HP(n). For these spaces
it is possible to compute the metrics on U(HP(n)) explicitly. This is largely because

the frame bundle F' may be readily computed.

Lemma 2.3.1. The double cover of the reduced frame bundle of HP(n)

may be identified with Sp(n + 1).

Proor. Recall that
Sp(n + 1)
Sp(n) x Sp(1)’

so Sp(n + 1) is naturally a principal Sp(n) x Sp(1)-bundle over HP(n); we denote

HP (n) =

the projection by . Explicitly, let e be the vector (0,...,0,1)® € H*™! and for

A e Sp(n+1) put
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where A = (a;;). Let (B,q) € Sp(n) x Sp(1) act on A via right multiplication

B 0
by ( ) Then the tangent space of HP(n) at 7(A) is
0 ¢

Tw(a) HP(TL) = ATe/_lt,

0 ¢
TeZT[e]HP(n)={< _ >2§€Hn}.
_gt 0

Now A defines an orientation preserving linear isometry H" — T} (,) HP(n) by

0 &\ _
£|—>A-£:A< ) )At.
—ft 0

This map from Sp(n+ 1) to the frame bundle of HP(n) has kernel {+1} and so the

where

lemma is proved. [l

For HP(n), we have that the bundle H \ 0 equals

~ Sp(n +1) Sp(n+1)
F " Hf = ———~ H* = ——2 x Ryg.
X Sp(n)xSp(1) Sp(n) X Sp(1) Sp(n) X R>0

But Sp(n + 1)/ Sp(n) is just the (4n + 3)-sphere S*"*3. So, topologically, H \ 0

is H 1,

Proposition 2.3.2. The hyperKéhler metric on H \ 0 over HP(n) is the

flat metric on H* 1™,

ProOF. If A € Sp(n+ 1) then

M
TASp(n—i—l)%{v:A( 2 g)[ﬁ:geH", M € sp(n), yEImH}.
— 14
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Thus, if v € Ta Sp(n+1) then §4(v) = A~ (m.v) = £ For any v,v’ € Ty Sp(n+1)
we have dfz(v,v") = v04 (V") — V' 04(v) — Oa[v,v']. We may extend v, v’ to vector

fields in such a way as to make v84(v’') — v'04(v) vanish. Then, in components,

M 5 M/ é’/
df4(v,v") = dby <A- < > A < )) =—(M¢ +&/' —M'e—-¢€v).

& v) T e

From (2.1.1), we see that
w4 (v) = M, w_ 4 (v) = v.

Let s: H\ 0 — Sp(n+1) x H* be a local section such that the component of s

in H* is real. If (v, z) is tangent to s at (A,y), then
a(v,z) =z —yv and (07)(v, z) = &y.
So the hyperKé&hler metric g on H \ 0 is

gw(A,y)(w*(Ua z),w*(v,z)) = 22 + y2(|y‘2 + C|£|2)7

where c is the constant such that Q_ = dw_ +w_ Aw_ = cf'Af. But Q_(v,v') =
grel — ¢ = (GEA 0)(v,v"), so ¢ = 1. The final bracket in the expression for g is
just the standard metric on $*"*3, since the inclusion sp(n+ 1) C so(4n +4) shows

that it agrees with the expression for the SO(4n + 4)-invariant metric. 0

Note that it was not sufficient in the above proof to check that we had an
Sp(n+1)-invariant metric, since S#"*3 admits several families of such metrics some

of which are even Einstein (see Besse, 1987).
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We may also consider other homogeneous base spaces. Wolf (1965) and Alek-
seevskii (1968) classified the compact homogeneous quaternionic Kéahler manifolds,

obtaining precisely one for each compact simple Lie group:

_ Sp(n+1)
~ Sp(n) x Sp(1)’

Gry(R") =

SU(n)

S(U(n —2) x U(2))’
SO(n) Gy

SO(n —4) x SO(4)’  SO(4)’

Fy Es

Sp(3)Sp(1)”  SU(6) Sp(1)’

Er and —E8
Spin(12) Sp(1) E; Sp(1)

HP (n)

GI‘2 (Cn) =

These are constructed as follows. Let G be a compact, centreless, simple Lie group

with Lie algebra g. For each root a define
go={Xcg":[H X]=aH)X forall He h},

where b is a fixed Cartan subalgebra of g¢. Choose a highest root p. Then the
subalgebra generated by g, and g_, is isomorphic to sp(1,C). This has normaliser

(€ @ sp(1, C), where, if (-,-) denotes he Killing form on g%, [ is defined by

(=gn({Heb:p(H) =0} Y (3.95-0)).
a>0
(a,p)=0
The Wolf space associated to G is then M = G/(L-Sp(1)), where L and Sp(1) have
Lie algebras [ and sp(1), respectively. Wolf also shows that the twistor space of M

is Z=G/(L-S') = G%/U, where the Lie algebra of U is

u:b@ Z Ja-

(c,p) 20
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The twistor space may also be described as follows. Let E, be a non-zero
element of g, and consider the adjoint action of G on the linear span [E,] of E,.

If H € b then [H,E,] = p(H)E, and for X € g, we have

€ gatp if a+ pisaroot,

el

=0 otherwise.

If (o, p) > 0, then a+p is not a root, since p is the highest root. Whereas, if (a, p) <

0, then v+ p is a root. So the Lie algebra of the stabiliser of [E,]ish® > go=u
(a,p) 20

and the twistor space of M may be identified with the projectivised orbit of E,,.
The orbit O of E, itself is B = GC /U, where

w={Xecu: (X, H)=0},

(Here H, is the element of b defined by (H,, H) = p(H) for all H € h.) The contact
line bundle on Z is £ = B* and the contact form ¢ is given by (¢(m.X))(b) =

(E,,X), where m: B — Z is the projection, b € 771(1) and X € (H,)® Y. ga
(a,p)<0

which is isomorphic to the tangent space of B. Thus the nilpotent orbit O is the
dual of the contact line bundle and hence is the associated bundle U (M).

Recall that the Wolf space M is the quotient of the real group G by the nor-
maliser N(Sp(1)) of Sp(1). Thus M is the G-orbit of real subalgebras sp(1) of g
such that the nilpotent elements of sp(1) ® C lie in the highest root orbit O. The
fibre of U over a point of M consists of the nilpotent elements in sp(1) ® C. Let
o be the real structure on g® corresponding to g. This is a conjugate-linear Lie
endomorphism of g* with 02 = 1 and whose +1-eigenspace is g. If X € O then the
real sp(1) corresponding to X has complexification spanned by X, 0 X and [X, 0 X].

The H*-action on U(M) is essentially given by the following lemma.



2.3 Examples 39

Lemma 2.3.3. If Y, H are such that (Y, —oY, H) is an sl(2, C)-triplet,

ie.

Y,—oY]=H, [H,Y]=2Y and [H,—0Y]=-2(-cY),

then there is an H*-action on the nilpotent elements of (Y,cY, H) given

by

(a+bj)-Y =d®Y 4 b*0Y + ablY,oY], for a + bj € Sp(1),

A Y =)%Y, for A € R.

PrROOF. We need to verify that this is an action. It sufficient to check we have

an Sp(1)-action. Let a + bj and ¢ + dj be elements of Sp(1).

(c4+dj) - ((a+bj)-Y) = (2a® + d*b*)Y + (*b* + d*a®)oY
+ (c2ab — d*ab)[Y, aY] + cd(|a|* — [b|*)[Y, 0Y]
— cdab(|a)® + |b]?)[[Y, Y], Y]
— cdab(|a)® + |b]*)[[Y, Y], Y]
= (ca — db)*Y + (cb + da)*cY + (ca — db)(cb + da)[Y, oY

= ((c+dj)(a+bj))-Y

O

To get an H*-action on the orbit we need to show that there is a positive real
number A such that Y = A\ X satisfies the hypotheses of the lemma. It is sufficient
to show that [X,[X,0X]] is a positive multiple of X. Now (X,0X,[X,0X]) is

isomorphic to sp(1,C) with its standard real structure, so we only need to work
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in sp(1,C) = su(2,C). Write X as a 2 x 2 complex matrix, then 0 X = —X?.
Let {e1,e2} be an orthonormal basis for C2. Since X is a highest root vector,
X = a®b = a;bje;e;, for some a,b € C? such that > a;b; = 0. Now [X,0X] =
(Jlal?bib; — ||b]|2a:a;)eie;. So [X,[X,0X]] is 2||al|?||b]|>X, as required.

From the last description of M, we can regard O as the set of Lie algebra
homomorphisms from sp(1) to g such that the nilpotent elements in sp(1) ® C map
into O when the homomorphism is extended complex linearly. The H*-action above
can then be viewed as the action of Aut(sp(1)) = H*/Zs via composition. Thus
the hyperKéhler structures constructed by Kronheimer (1988) give the same metric
on the highest root orbit. His metrics on the rest of the nilpotent variety will be
studied in a later chapter.

Wolf also shows that any compact, homogeneous, complex contact manifold
arises as the twistor space of one of the quaternionic Kéahler manifolds above.
So there are no compact homogeneous examples of our second construction which
are not already covered by the quaternionic Kéhler case. An alternative descrip-
tion of these twistor spaces in terms of nilpotent Lie algebras has been given by

Burstall (1989).

2.4 Integrability

Recall that for an oriented, Riemannian four-manifold M, the bundle H is just the
negative spin bundle V_. Much of the discussion in the first section of this chapter
still applies; in particular, V_\0 carries a family of almost complex structures. When
the base manifold is Einstein and self-dual we automatically get the integrability of
these structures from the fact that all three symplectic forms are closed (Hitchin,
1987). However, if we are only concerned with when the structures are integrable

these conditions are stronger than necessary.
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Theorem 2.4.1. If M is an oriented, 4-dimensional, Riemannian, spin
manifold, then the almost complex structures I, J and K on V_\ 0 are

integrable if and only if M is self-dual.

PrOOF. Write V for V_\0. We first fix attention on one almost complex structure I.
Let T19, TO! denote the +i, —i eigenspaces of I on TV ® C, respectively, and
write AP? for APTH9"®@ A9T91". The Newlander-Nirenberg Theorem says that I is
integrable if and only if its torsion tensor N vanishes identically. It is well known
(see Kobayashi & Nomizu, 1963) that N is zero if and only if for each § € A0,
(dB)™* = 0.

Fix a € V and choose a section s: V — F x H in a neighbourhood of a. Write

s*a = ag + ayi + asj + ask,

8*<9i') =0p + 011+ 025 + O3k,

where ag,...,as,0,...,03 € QY(V,R). This gives an orthogonal basis {ay, ..., as,

o, ...,03} for TV with respect to which
nr = —2(&0 Nayp+as Nasg — 6(90 ANB1 — 65 A 93))

and
3

i=0
A typical element of A0 is B —iIB3, so ag + iy, ag +ias, Oy — ify, O3 + i3 is a
basis for ALV Recall that

do = —aNw_ —z8)_
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and

d(0z) = —wy NOT — O Nw_T + 0 N dz.

We may choose s such that s.(7,V) = Dy, @ H, where D is the distribution
of horizontals given in (2.1.5). For such a choice (s*da), = (—s*(z2_)), and
(s*d(07))q = 0, since wy and dx vanish on Dy(,) and w_ and ¢ vanish on H. Also,
we still have enough freedom left in the choice of s to arrange that z(s(a)) is real.
Thus, if we write s*(2_) = Q17 4+ Qqoj + Q3k, then the remark at the start of this

proof gives that I is integrable if and only if

0)? =0,
(2.4.1)
(Qo 4 193)%2 = 0.

Since I preserves the horizontal subspace H, of T,V, a choice of a section
o: M — V in neighbourhood of b = 7 (a) € M such that 0. T,M = H,, gives a

decomposition under I of
(A2T} M)e = A20 @ AL! @ A2,
Ty M)c =

We have o*a; = 0 and that 06y, ..., 0*03 is a basis for T, M. In A" we obtain the
distinguished linear subspace (c*7n) spanned by o*n;. Write Aé’l for the orthogonal
complement of this subspace in A1, Now o*(0g A0 A B Af3) is a positive multiple
of the volume form on M at b, so a direct computation is all that is required to
verify the well-known correspondence

At =A%,

A0’2 D A2’0 D <O'*T]]> — A2—@7

at b. Thus, as equations (2.4.1) only involve the (0,2)-components of Q2_, they only

place restrictions on Q~, the component of Q_ lying in A%2. (Here we are regarding
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Q_ as a 2-form on M, which is possible since 2_(X,Y) = 0 unless X and Y are
both horizontal.)

If we write 0; for 0*6;, then

QO :a(90A91—92/\03)+b(90/\92—03/\91)+c(00A93—01/\92) :(a,b,c),

for some a,b,c € ImH. Write a = a1t + a2j + ask, etc. Now, with respect to the
decomposition given by I, A%2 is the span of (fg A0y — 03 A1) —i(0g AO3— 01 ABs).
So (2.4.1) is equivalent to

b= —ic.

Similarly, integrability of J and K are equivalent to ¢ = —ja and a = —kb, respec-

tively. So I, J, K are integrable if and only if

O = —{(OgNO — O3 NO3)i+ (6g NOs — O3 NO1)j+ (0o A O3 — 01 A BO2)k}a,

for some real number a, which is precisely the condition that M be self-dual. O

Fixing a complex structure on V_ '\ 0 we can form the twistor space and obtain

the theorem of Atiyah et al. (1978a).

Theorem 2.4.2. (Atiyah, Hitchin & Singer) If M is an oriented, Rie-
mannian, 4-manifold then the natural almost complex structure on the

twistor space is integrable if and only if M is self-dual. U

When M is self-dual and spin, the complex structures I, J and K define a
hypercomplex structure on V_ \ 0. Salamon (1986) shows that this is also true in
higher dimensions if we replace the self-duality condition by a requirement that M
be quaternionic and if we replace V_ \ 0 by the appropriate rank 4 bundle. Even
though we have not defined a compatible metric, Obata’s theorem gives us a natural

connection and therefore geodesics.
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We now briefly return to the metrics constructed over Kahler-Einstein contact
manifolds earlier in this chapter. If we drop the assumption of possessing a complex
contact structure and allow N to be any Kéahler-Einstein 2n-manifold we may per-
form the construction of Lemma 2.2.3 on the canonical bundle K of N and obtain
an almost Kahler metric. This metric is actually Kahler-Einstein, has zero scalar

curvature and is a degenerate case of a family of metrics described by Calabi (1979).

Proposition 2.4.3. Away from the zero-section, the canonical bundle of
a Kahler-Einstein manifold with positive scalar curvature admits a Kahler-

Finstein metric which is Ricci flat.

PRrROOF. Put V to be the U(n)-representation A"C™, where C" is the standard
U(n)-module. Then for A € U(n), R%0 = A0 and R%dz = (det A)~'dz. As in
Lemma 2.2.3, we have

g=Re(a®a+?0'x0)

and a closed, non-degenerate 2-form
v=aAa+ 20N,

where A is some positive constant multiple of the scalar curvature of N. We need
to check that the almost complex structure is integrable and that the Ricci tensor
is zero.

The integrability computation is exactly as above in the case of H, and shows
that the almost complex structure is integrable if and only if Q?F’Q vanishes. However,
N is Einstein and Q; = A9*A 6 which is of type (1,1).

The Ricci tensor p of K is given by p = —id'd"logdet g,5, where g,5 =
g(va,vg) for some local holomorphic basis {v,}. But choosing a local section s, we
have s*a = ag +iaq and s*(0z) = 0y + i61, giving a local basis ag + iy, 6y — 67 of

holomorphic 1-forms for which logdet g5 is constant. 0



Chapter 3
QUOTIENT CONSTRUCTIONS

Suppose M is a symplectic manifold of dimension 2n and a compact Lie group G
of rank k acts smoothly, isometrically and freely on M. Then M /G is a manifold, but
it has dimension 2n — k and so, in general, it cannot be symplectic. If the G-action
preserves the symplectic structure then Marsden & Weinstein (1974) showed that
under certain mild restrictions on M or G, there is a moment map pu: M — g* such
that ©=1(0)/G is a symplectic manifold of dimension 2n — 2k. This construction
has been generalised to hyperKéhler manifolds by Hitchin et al. (1987) and to
quaternionic Kéhler manifolds by Galicki & Lawson (1988). In this chapter we
discuss these constructions, give some examples and show that these reductions
are compatible with the hyperKéahler metric construction of the previous chapter.
In particular, if Mg is the quaternionic Kéahler quotient of a quaternionic Kéhler
manifold M by G, Zg is its twistor space and ~» denotes an appropriate quotient

by G, we have the following diagram.

U(M) WU(ch)

i

Z o~ Za
I 1
M ~~ Mg

In Chapter 2 we constructed various hyperKahler metrics from different types

of base space. In this chapter we show how the structure of the quaternionic Kéhler

45
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base spaces may be recovered from the hyperKéhler structures. The construction is
a moment map construction based on the observation that the total spaces admit a
special type of Sp(1)-action. Finally we return to the Sp(1)-actions and show that

these hyperKahler metrics are determined by special Kahler potentials.

3.1 HyperKahler Quotients

Let M be a 4n-dimensional hyperKéahler manifold, with Riemannian metric g, com-
plex structures I, J and K, and symplectic form n = nri + 755 + nxk. If X is a
vector field on M, let Lx denote the Lie derivative with respect to X. We say that
X is Killing if Lx g = 0, triholomorphicif LxI = LxJ = Lx K = 0, or Hamiltonian
if Lxmn = 0. Note that any two of these conditions imply the third one.

Now suppose that G is a compact Lie group acting freely and smoothly on M
preserving g and 1. For any vector field X generated by this action we have Lxg =

0 = Lxn. Now 7 is closed, so

0= Lxn = Xidn+d(X_m)=d(Xm).

If the first cohomology group H!(M,R) vanishes then there is a function uy €
Q°%(M,ImH) such that

Xm=dux.

These functions can be combined into a single map p: M — g* ® Im H defined by

(u(m), X) = px(m), (3.1.1)

for m € M. Note that px is only defined upto an additive constant, but if G is

compact, then (Guillemin & Sternberg, 1984) there is no obstruction to choosing
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these constants so that p is equivariant with respect to the actions of G on M

and g*. In this case, p (or px) is called a moment map for the action of G on M.

Given a moment map i, suppose a € g*®Im H is invariant under the (coadjoint)
action of G. Then, if we set M, = p~'(a), M, is a G-invariant submanifold of M
of dimension 4n — 3k, where k is the rank of G. Now G acts freely and isometrically
on M,, so Ma = M,/G is a Riemannian manifold of dimension 4n — 4k. Since
G also preserves 7, it can be shown that n and the almost complex structures on M
define a hyperKahler structure on M,. Details of these assertions may be found in

Hitchin, Karlhede, Lindstrom & Rocek (1987).

This construction may be generalised to pseudo-hyperKahler manifolds. We
require that if we consider the distribution A of vectors tangent to the action of G
on M, then the restriction of the pseudo-metric g to A is non-degenerate. This
ensures that g gives a G-invariant distribution of horizontals in T'M, for M, —
M, /G (see Lang, 1984). With this additional hypothesis, the proofs cited above
show that M, /G is pseudo-hyperKéhler. Hitchin (1988) has also studied the case
where we have no metric, just a hypersymplectic structure, and obtains a further

generalisation of the quotient construction.

The first example of a hyperKéhler quotient is that of U(1) acting on flat

space H" via

e . (a+ jb) = ea + je b.

The value of the moment map for this action at ¢ € H" is ¢'ig and we obtain a
hyperKahler quotient for each a € Im H. If a is non-zero, there is an o € H such that
aia = a and the U(1)-equivariant map ¢ — ga~! takes the level set associated to a

to that associated to 7. Thus the hyperKahler quotient associated to a is homothetic
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that associated to i. Writing ¢ = a+ jb, the moment map equation g*iq = i becomes

jaf? —[b]* =1,

bta = 0.

The hyperKéahler quotient is topologically T*CP(n — 1), since a defines a point
of CP(n — 1) and b ® @ defines an element of 7j;, CP(n — 1) = (Hom((a), {a)1))*.
Hitchin (1986) shows that the metric obtained on T#*CP(n — 1) coincides with the
one constructed by Calabi (1979, 1980).

The 0-level set of the moment map is
la|* = |b]? and bla = 0.

The map (a,b) — a®b is well-defined on the quotient space. The image in M,,(C) =
u(n,C) is the highest root orbit, together with 0, and the action of Sp(1) on H"
on the right descends to the action described in Chapter 2. So the hyperKé&hler
quotient is the associated bundle U(Gro(C™)) with its hyperKéahler metric and we
may view this metric as a singular limit of the Calabi metric on 7*CP(n —1). Note
that Galicki (1986) obtains this Calabi metric as a limit of the quaternionic Kéhler
metrics on Gra(C"T1).

The twistor space of Gry(C™) is the flag manifold

U(n)

Fion = Un—2)x U1) x U1)’

This clearly fibres over CP(n—1), and, away from the zero sections, T*CP(n—1) may
be regarded as O(—2). Letting = denote a degenerate limit of a family of metrics,

and using the subscripts (x and ,x to indicate whether the space in question is
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to be regarded as a quaternionic Kahler or hyperKéhler manifold respectively, we

have the following diagram (away from zero sections).

L{(Grg(C”))qK — U(Grg(C”))hK < T*(CP(n — 1) < Grz(C”“)

Gr(C") CP(n—1)

More generally, we can consider the bundle U (M) associated to a quaternionic

Kahler manifold M with non-zero scalar curvature.

Lemma 3.1.1. If X is a Killing vector field on M such that Lx$) = 0,
where () is the fundamental 4-form of M, then X may be lifted to a

Hamiltonian Killing vector field X on U(M).

PRrROOF. Let ¢ be an isometry of M such that ¢*Q) = Q. Then ¢, defines a map
¢s: Fy — Fy(,) which commutes with the Sp(n) Sp(1)-action on the reduced frame

bundle F', since

(@xu(§)) - (A, q) = pxu(ALg) = ¢« (u(§) - (A, q)),

for u € F, £ € H and (A,q) € Sp(n) x Sp(1). Similarly, the pull-back of ¢.
to F' x (H*/Zs) commutes with the Sp(n) Sp(1)-action, so we have an induced map
b0 UDM) — UDM).

Now ¢* preserves 6, for if u € F', v € T,,F then

000 (V) = 0p,u(Dx,0) = (Dxu) " (Tuhuyv)

and we have that mp, = ¢m, s0 ¢*0,(v) = u ', (Psmwv) = O,(v). Also,

¢* commutes with d and the connection forms w4 are uniquely determined by



3.1 HyperKahler Quotients 50

df = —wi N0 —0 ANw_, so ¢*w_ = w_. The induced map ¢, acts trivially on H,
and so preserves x and dx. Thus ¢* is an isometry on U (M) which preserves the

2-form v.

Let ¢ ba a local 1-parameter group of local isometries generating X. Since
LxQ = 0, we may assume that ¢;2 = €. As above, we can lift ¢; to a local
1-parameter group ¢, of local isometries on U(M). The vector field X generated
by ¢, is thus a Hamiltonian Killing field on 2/(M). Note that X=X. O

Suppose a compact Lie group G acts on M freely and isometrically and that
this action preserves ). The lemma above then tells us that the action of G may be
lifted to (M) and that this action is isometric and triholomorphic. Since 7/ X = X
for each vector field generated by the action, the induced action preserves the fibres

of #H: U(M) — M, and is thus free.

Let Y be a Killing field generated by the action of G on M and let X denote the
lift of Y to U(M). The proof of the lemma yields an Sp(n) Sp(1)-invariant vector
field, which we again denote by X, on F' and w, X = X. If we define ux on F' x H*
by

px = —X(zw_7), (3.1.2)

then px is Sp(n) x Sp(1) X Zo-invariant and so is well-defined on U(M).

Proposition 3.1.2. Let u: U(M) — g*@ImH be defined from (3.1.2) as

in (3.1.1). Then p is a moment map for the induced action of G on U(M).

Proor. First we check that dux = X _v. Now, since M is Einstein we have

dpux = —(Lx — X d)(zw_7x)

= —Lx(zw_7) + XJ(dx Aw_% + 2cd' N 0T — 1w_ Aw_T — zw_ A dT).
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But X_dxr =0 and Lxz =0, so
dux = —x(Lxw_ )T + X 2(a A a+ cxf' A 0Oz).

Let ¢, be a 1-parameter group of isometries preserving () and generating Y. Then
¢, generates X and it preserves w_, so Lxw_ = 0. Hence, dux = X_.v. The

equivariance of y follows directly from the definition of px. O

Define ay to be Y g, where g is the metric on M. Then Vay is an element
of A2T*M, since Y is a Killing field (see Kobayashi & Nomizu, 1963). We have
a subbundle sp(1) of A2T*M whose fibre is the Lie algebra sp(1) = ImH]; this
bundle is just the isometric embedding of G in A’T*M. Let (Vay)® () denote
the orthogonal projection of Vay onto sp(1). If we choose a frame u € F, then
(VO‘Y)?zu)(l) = w_(X)u, where X is the lift of Y to T'F, as above. Thus, px vanishes
at a point a € U(M) if and only if (Vay)fﬁ,(fll)) = 0. So, if pux vanishes at a, then
px vanishes on the whole fibre through a and if X is a lifted Killing vector field,

then X is horizontal over each point of the fibre through a.

3.2 Quaternionic Kahler Quotients

Suppose M is a quaternionic Kéhler manifold with fundamental 4-form €. A Killing
vector field X on M is said to be quaternionic if Lx = 0. Let X be such a Killing
field, I, J and K a local basis for G and 7y, n; and ng their corresponding 2-forms.

Then locally we can define a 1-form ©x with values in G by

Ox = (X)) @nr + (X)) @ny + (Xunk) @ k.
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This definition does not depend on the choice of local basis for G and so Ox is
globally defined. If ax = X g, as above, then the map Q'(M) — Q(G) given by
ax — Ox is injective so we may regard ©x as an element of Q! (M).

The Riemannian connection V on M preserves G, so we can define a sequence

where dY (o ® 0) = da ® 0 + (=1)Pa ® Vo for a € QP(M) and o € Q°(G). Tt is

well-known that if R is the curvature of G then
dVod f=R(f),

for each f € Q°(G). This is used to show the following:

Theorem 3.2.1. (Galicki & Lawson, 1988) if M has non-zero scalar cur-
vature, then for each quaternionic Killing vector field X on M there is a

unique fx € Q°(G) such that Vfx = Ox. O

Remark. If we regard fx as a 2-form, then the condition V fx = ©x is equivalent
to dfy = X_€. The map X — X_€ is just the inclusion of A'T*M in A3T*M

which can be seen in the representation theory of Chapter 5.

We assume from now on that M has non-zero scalar curvature.
The map fx is actually determined by the function p; introduced in (3.1.2).

In the notation of the previous section, let
1 sp (1)
fX = X(VO&Y) )

where A is the same constant positive multiple of the scalar curvature of M as in

the introduction.
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Lemma 3.2.2. The function fx defined above satisfies Vfx = Ox.

Proor. Fix m € M and let 01, 12, 73 be a local basis of G regarded as a subbundle
of A2T* M, such that
Vnilm =0, fori=1,2,3.

Let a: V® — APV be the alternation map, then dn;|,, = a(Vn;|,n) = 0; so at m,
LXni = d(XJ’I]Z) -+ X_ld’lh = a(V(X_l’Ih)) = a(VC(Oéx, 7’]1))

Here c: AP @ A? — AP~ @ A9~ is contraction with the metric over each of the first

two indices. Now ¢ commutes with V, so
Lxn; = a(c(ax, Vi) +c(Vax,n;)) = a(c(Vax,n)),

by our choice of . Now, M is irreducible, so Vax ® n; is an element of (sp(n) ®
sp(1))@sp(1) = (sp(n)@sp(1))®S?(S?C?)dsp(1). But sp(n)®@sp(1) is an irreducible
Sp(n) x Sp(1)-module and ac(sp(n) ® sp(1)) is a proper submodule, so by Schur’s
Lemma it is {0}. Thus ac(Vax,n;) is an element of sp(1) and only involves the

sp(1)-component of Vax. Hence
Lxni = [(Vax)®® M n,],

and the function fx agrees with the explicit form given in Galicki & Lawson (1988,

equation (2.11)), that is,
> 1
fX|m:;fi®77i|m = Xzi:rz'@nﬂm,

where Lxn; = Zéijkrink- -
ik
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Thus fx is just the projection of ug to M.
Let G be a compact Lie group acting freely and smoothly on M. Suppose that

this action preserves the metric and the 4-form €.

Definition 3.2.3. (Galicki, 1987) The moment map ®: M — g* ® G
associated to the G-action on M is defined by (®(m),X) = fx(m), for

each m € M and each vector field X generated by the action of G.

From the theorem above we have that ® is G-equivariant. Unlike the hy-
perKahler case, there is only one natural G-invariant submanifold to consider,
namely My = ®~1(0), where 0 denotes the zero section. If we now define Mg =
My/G, then Galicki & Lawson (1988) have shown that Mg inherits a quaternionic
Kahler structure from M.

Examples of quaternionic Kéhler quotients of HP(n) may be found in Gal-
icki (1987). In particular, the action of U(1) on H"*! given in the previous sec-
tion descends to HP(n). The moment map at [qo,-..,q,] € HP(n) is ¢'ig. Write
q = a + jb, then there is an A € U(n + 1) such that Aa = (1,0,...,0)"!. Now,
if ¢ is a zero of the moment map, then so is Aq = Aa + jAb and in particular,
bt At Aa = bta = 0, s0 Ab = (0,b1,...,b,)" and we still have the freedom to choose A
so that Ab = (0,1,0,...,0)". Thus, U(n+ 1) acts transitively on the zero set of the
moment map. The stabiliser of a point is SU(2) x U(n — 1), so the quaternionic
Kahler quotient is

Un+1)
SU(2) x U(n —1) x U(1)

= GI‘Q(CH—H).

Recall that the corresponding hyperKahler quotient of H"*! constructed the man-
ifold U(Grz(C™*1)) which is the associated bundle of the quaternionic Kéhler quo-
tient. In the following section we show that this is true for all quaternionic Kahler

quotients.
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3.3 Commutativity of Constructions

In this section, when we perform the hyperKéahler quotient of (M) we use the zero

level set of the moment map.

Theorem 3.3.1. Suppose M is a quaternionic Kahler manifold with non-
zero scalar curvature. If a Lie group G acts isometrically, freely and quater-
nionically on M then G induces a free, triholomorphic, isometric action on
the associated bundle U(M). The pseudo-hyperKéahler quotient of U(M)
by this G-action is precisely the associated bundle to the quaternionic

Kahler quotient of M by G.

ProoF. Let My, Mg be as above and let w: My — Mg and i: My — M be the
projection and inclusion maps, respectively. Let F' be the reduced frame bundle
of M: this is a principal Sp(n) Sp(1)-bundle, where dim M = 4n. If Xq,..., X} is
a basis of quaternionic Killing vector fields for the action of G on M, and I, J, K
is a basis for G in a neighbourhood U of a point m € M, then {IX;, JX;, KX, :
i=1,...,k} span the orthogonal complement (T'Mg)t|y of TMy in TM |y, (see
Galicki & Lawson, 1988). Also, X,..., X} span the vertical tangent space for the
projection 7 and its orthogonal complement in T'Mj, is horizontal for the Riemannian
submersion 7: My — M¢. Define E to be the subbundle of T'M |, whose fibre at m
is the span of { X;, IX;,JX;, KX; : i = 1,...,k} and consider the subbundle P
of i*F of frames which restrict to frames on F. This is a principal bundle over M

with fibre

(Sp(n — k) x Sp(k)) Sp(1) = (Sp(n — k) x Sp(k)) xz, Sp(1).

We have a natural projection p: P — Fg to the reduced frame bundle of Mg
obtained by restricting frames to the horizontal directions. Note that p is just the

quotient map obtained from the free group action of G x Sp(k) on P.
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Let U (M) denote the pseudo-hyperKéhler quotient of 2/(M) by the induced G-
action, so U(M) = p~1(0)/G = U(M)o/G. This quotient may be performed, since
on 1~ 1(0) each vector field induced by the G-action is horizontal, so the restriction
of the metric to these vector fields is non-degenerate. The discussion in earlier
sections of this chapter shows that U(M )y = i*U(M).

We first show that U(Mg) = U(M) topologically. We have that

T UMa) = 7" Fg X gp(n—k) sp(1) " /Zz)
= (P X gp(n—k) sp1) (H*/Z3))/ Sp(k)

= P X(sp(n—ryxsp(k)) sp(1) (H/Z2),
where Sp(k) acts trivially on H*. Let ¢ be the composition
P x (H'/Zs) — i*F x (H*/Zs) — U(M),,

where the first map is inclusion and the second is the quotient by Sp(n) Sp(1).
It is sufficient to show that ¢ is the quotient map obtained from the action of
(Sp(n—k) x Sp(k)) Sp(1) on P x (H*/Zs), but this is easily checked directly. Thus
U(Mg) = U(M) topologically.

Now it is sufficient to prove that U(Mg) and U(M) are locally isometric. If
U is a sufficiently small open subset of M,, then we may choose a double cover
i*F|y of i* F|U and this gives a double cover P of P. Now G x Sp(k) acts freely
on P, so we may take the quotient and obtain a double cover Fg|ﬂ(U) of Falrw)-

Let o: U — P be a section and identify 7*T Mg |y with the horizontal space. We

may define a map 7, : W*Fg|U — F|U by

o () = () | ((ﬁ ?)q>
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uQ
Here o, = ( ) with ug in the double cover of a frame on 7*TMg/|,, and u =
Vo

uo - (A,q), A€ Sp(n—k), g € Sp(l) and 1 denotes the identity matrix in Sp(k). If
we extend 7, by the identity to H* then, as 7, commutes with the Sp(n—k) x Sp(1)-
action, we get an induced map 7, : 7*H*(M¢g) — H*(Mj) over U. It may easily be
checked that this map is injective. Let ~ over a form denote the version on H*(M¢)

or I, e. g. 6 is the canonical 1-form of F;. From the following commutative diagram

Fo & mFp 25 F 25 F

el m |m |

Mg +— My :M()—>M

we have

~

T 0, (W) = Or_ (T w) = (M) " (TG umew) = (mev) ™ (memgaw)

for v € m*Fg|y, w € T,(7*Fg). Also, in the notation of the definition of 7,

Uo A 0 -
Ta*i*ev(w) - QTUU(Ta*w) - (( > : (( > 7Q>> (7'('1*7'0*’11))
Vo 0 1

= (ug - (A,q)) Hmo,w) = v (m,w).
But 7, is an isomorphism on each fibre, so 70, (w) = 7,*i*0, (w). Hence, 7,*i*n =

m*n and 7, is a local isometry. O

Taking M to be flat space gives the following: if G acts isometrically and
triholomorphically on H"*1, then the hyperKihler quotient p~!(x)/G projects to

a quaternionic Kéhler quotient of HP(n), provided = = 0.
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3.4 Examples

In the first two sections of this chapter we have already seen how the hyperKé&hler
metric on U(Gro(C™)) arises as the hyperKéhler quotient of flat space H™ by U(1).
Galicki (1987) also shows that the space Gry (R*™) may be obtained as a quaternionic
Kéhler quotient of HP(n — 1) by Sp(1) and so we obtain U((A}}4(R4")) as the hy-
perKéhler quotient of H” by the diagonal action of Sp(1). In the case of U(Gry(C™)),
we obtained hyperKahler deformations of the metric. This procedure does not work

for L{(CTQ(R‘“‘)) because the centre of sp(1) is trivial.

HyperKéhler quotients of flat space have been used by Kronheimer (1989a),
extending work of Gibbons & Hawking (1978) and Hitchin (1979), to construct and
classify hyperKahler ALE 4-manifolds. Here ALE stands for ‘asymptotically locally
Euclidean.” These manifolds have one end and at infinity it resembles R*/T, for
some finite subgroup I' of SU(2). Briefly, the construction is as follows. Let V be
the regular representation of I' and define M to be ((End V) @c H)T', the space of
I-invariant elements in (End V') ®¢ H, where I" acts on H in the standard way. Let
G be the group of unitary transformations of V' which commute with the action
of I'. Then the ALE manifolds are obtained as the hyperKahler quotient of M by G.
Note that G is in general a product of unitary groups with non-trivial centre Z, so
we obtain a space X for each ¢ € InH ® 3*. The three real components of ¢ then
correspond to the cohomology classes of the symplectic forms on X:. Note that

when ¢ = 0 we obtain the singular space C?/T" with its flat metric.

As a contrasting example of quotients of flat space with an irreducible group ac-
tion, consider the nth-symmetric power S™ = S™V of the basic SU(2)-module V =

C?, where SU(2) acts by left multiplication. If {z,y} is an orthonormal basis for V/,
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then {z" n'/2z"1y, (g)l/2m“_2y2, ...,y"} is an orthonormal basis for S™, where
a" Ty = ﬁ(a:®~~®m®y+x®~~~®x®y®x+-~+y®:c®~~®a:),

etc.

A structure map on a CG-module A is a conjugate-linear automorphism j of A
such that j commutes with the G-action and either j2> = 1 or j> = —1. In the first
case j is a real structure map and A is the complexification an RG-module. In the
second case j is a quaternionic structure map and A is isomorphic to an HG-module.

The basic SU(2)-module V' has a quaternionic structure map j given by
i(az + by) = —bx + ay.

This gives a structure map j on S™ which is real if n is even and quaternionic if n is
odd.

We restrict our attention to the quaternionic modules S?™+! = H™. There is
a natural SU(2)-invariant homomorphism Q: §?m+! & §2m+1 5 G0 =~ C which is
the restriction of the linear map Q: V2t g V2m+l 5 G0 given on decomposables
by

Quere... ueve...)=uWAd)(wAv)®. ...

If we set

n(X,Y) = LO(X5Y) - QY,X))
ns(X,Y)=ReQ(X,Y),

Nk (X,Y)=ImQ(X,Y),

for X,Y € T§?m+1 =~ §2m+1 then 7, n; and nx are symplectic forms on S2m+1

corresponding to the complex structures given by left-multiplication by ¢, 7 and k
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on H™, respectively. Similarly, we have an SU(2)-invariant linear map P: S?" ! @

S2m+1 5 §2 which is the restriction of the map given on decomposables by

1
Pu@v@uw®...,ueveouw ®...)= §(u®u'+u'®u)®(v/\v’)®(w/\w')®--- )
Let

p1(¢) = imP(¢,jd),
p(¢) = mRe P(¢, d),
(i (¢) = mIm P(¢, ¢),

for ¢ € S?™ 1. Now p = p1i + poj + psk is a map from S?"*! to S? ® ImH and
S? = 5u(2)* ® C as SU(2)-modules. To show u is a moment map one checks that

each p; is su(2)-invariant, which is automatic, and that

(dpi(9)(€), a) = (2:)4(E, ag),

where ¢ € S?"*1 ¢ € T,S?™*! and a € su(2); (-,-) is the natural pairing between
su(2)* and su(2) and ¢ — a, is the vector field on S*™ 1 induced by a.

For St, 83 and S°, 0 is the only zero of p (see Salamon, 1984, for S°). For S7
(m = 3), SU(2) does not act freely on H*, but the action descends to HP(3). The
map p then becomes a moment map on HP(3) and the corresponding quaternionic
Kahler quotient is a finite number of points. Thus the connected components of the
hyperKéhler quotient ¢=1(0)\ {0}/ SU(2) are copies of H*/Zy. For S° (m = 4), we
have that Q = p~1(0)/ SU(2) is an 8-dimensional manifold with singularities and a
natural hyperKahler structure at the regular points, which is the associated bundle

of some (possibly singular) self-dual Einstein 4-manifold. With respect to the basis
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{22 28y, ...,4°} of 8%, the equations u(¢) = u(A,B,C,D,E,F,G,H,L,M) = 0

take the form

252AL — 56 BH + 21CG — 12DF + 5E? = 0,
2268AM — 196BL + 35CH — 18DG + 2EF = 0,
252BM — 56CL +21DH — 12EG + 5F? = 0,
252(AB + LM) + 56(BC + HL) + 21(CD + GH)
+12(DE + FG) + 10EF = 0,
2268(AA — M M)+ 196(BB — LL) + 35(CC — HH)

+18(DD — GG) + 2(EE — FF) = 0.

Notice that these equations are invariant under ¢ — A¢ for A € R. The problem
of the determination of this manifold is essentially a question in classical invariant
theory (see Mumford & Fogarty, 1982). In the second half on the nineteenth century
the invariants of S™ for n < 6 were classified and Shioda (1967) dealt with the case
of the binary octavic (S®). As far as we know the classification in the cases of the

binary septimic and nonic have not been completed.

One can try to obtain the exceptional Wolf spaces as quaternionic Kahler quo-
tients of other Wolf spaces. The examples of the quotients of HP(n) by U(1)
and SU(2) suggest looking at isotropy irreducible spaces of the form G/(H x K)
where G is the isometry group of the original Wolf space G/L, H is the isome-
try group of the quaternionic Kéhler quotient of G/L by K. We are interested
in examples where H is an exceptional group. Using the tables in Wolf (1968)
and computing the dimensions, we see that the only possible example of this form

arises from Fg/(G2 x SU(3)). Note that SU(3) does not act freely on the Wolf
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space Eg/(SU(6) Sp(1)). This may be seen as follows, using the notation of Buc-
cella et al. (1989). Let e;, i = 0,...,7 be the standard basis for @ and let e} be a

basis for a second copy Q" of @. Then

su(6,C) = A’C> @ s5u(2)s @ (SEC] @ A’CP* @ el) @ ey @ (SEC3 @ e) = ¢

eg = A°C° @ g5 @ (S5C° @ &) @ (M°C° @ ey ®e;) ® (S5C° @ e7),

where i runs from 1 to 7 and ¢ takes the values 3, 6 and 7. Now su(3,C) =
A2C3 @ SEC3 ® ef,, which is contained in su(6,C). However, this does not imply
that the quaternionic Kahler quotient does not exist, since it is only necessary that
SU(3) acts freely on the zero set of the moment map. The group G5 commutes with
SU(3) and so acts on the quaternionic Kéhler quotient; this leads us to conjecture
that the quaternionic K&hler quotient of Eg/(SU(6) SU(2)) by SU(3) is the space
G2/ SO(4).

The growing importance of hyperKahler quotients arises from their use in an
infinite-dimensional setting, first discovered by Atiyah & Bott (1982). If P is a
principal G-bundle over a symplectic manifold (M?™,w), for some compact semi-

simple group G, then the space A of G-connections may be identified with

A= Ql(gP)v

where gp = P X g is the associated bundle. We obtain a symplectic structure
on A via (A,B) = [,, Tr(AAB) Aw™ ! for A, B € A. The group G = Aut P acts
on A preserving this symplectic structure. The moment map for this action maybe

identified with p(A) = Fa Aw™ !, where Fy = dA+ $[A, A] is the curvature of the
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connection A. If M is a hyperKahler 4-manifold, the symplectic forms span AiT*M

and we obtain a formal hyperKé&hler quotient of A by G

,u_l(()) B {A Py € Qi(gp)}
g g ’

which is the moduli space of self-dual solutions of the Yang-Mills equations. When
M is R*, this space may also be obtained as a finite-dimensional hyperKahler quo-
tient via the ADHM construction (Atiyah et al., 1978b) which describes the moduli
space in terms of matrix algebras. The remark at the end of Section 3.3 shows that

these moduli spaces are associated to quaternionic Kahler manifolds.

3.5 Quaternionic Kahler Metrics

Recall that the hyperKé&hler metric constructed on the associated bundle U(M)
of a quaternionic Kahler manifold M admits a homothetic H*-action. The sub-
group Sp(1) of H* acts isometrically, but it permutes the complex structures on
U(M), so the quotient constructions earlier in this chapter do not apply to this
group action. However, if we fix one complex structure I, then there is a sub-
group U(1) < Sp(1) which preserves I and we have a moment map for this circle
action. Upto a constant, this is the function 72 and fibrewise the level sets cor-
respond to the spheres in H. These are not only U(1)-invariant, but they are
preserved by the Sp(1)-action. The Sp(1)-quotient of a level set is just the original
quaternionic manifold M.

This discussion generalises as follows.

Theorem 3.5.1. Suppose N is a hyperKahler manifold which admits an

isometric Sp(1)-action such that
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i) there is a finite subgroup I' of Sp(1) such that Sp(1)/T" acts freely
on N,
ii) Sp(1) induces a transitive action on the 2-sphere of complex structures
on N, and
iii) if X is the vector field generated by the circle subgroup of Sp(1)
preserving I, then the (real) linear span of IX; in TN is independent

of the choice of complex structure I.

Choose a subgroup U(1) < Sp(1) preserving a complex structure I. Let
w: N — R be a moment map for this U(1) with respect to the Kéhler
structure defined by I, then u~*(z) is Sp(1)-invariant and u~'(z)/ Sp(1) is

a quaternionic Kahler manifold.

PROOF. Fix a complex structure I preserved by a subgroup U(1) < Sp(1) and let
wr denote the Kahler form associated to I. Let X be the vector field generated by
the U(1)-action and let Y be a vector field generated by the Sp(1)-action. Then
Y is orthogonal to X, since Y arises from a circle group preserving a complex

structure A and Y is orthogonal to AY = I X. Now,

Yaidp =Y (X wr) =—g(Y,IX)=0,

so p is Sp(1)-invariant.

We now give two different proofs that the quotient p=!(x)/Sp(1) is quater-
nionic Kahler. The first shows that we have a closed quaternionic 4-form on the
quotient and then uses Theorem 1.2.2 to deduce that it is quaternionic Kahler. This
is only valid if the quotient manifold has dimension at least 12. The second proof
applies in all dimensions and is more in the spirit of Galicki & Lawson’s proof (1988)

of the quaternionic Kéhler quotient construction.
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Let J and K be complex structures such that IJ = K = —JI and let wy, wg be
the corresponding Kahler forms. Define a 4-form by Q = w;Awr+wijAwj+wr Awg .
Leti: p=(z) = N and 7: p~(z) — p~1(x)/ Sp(1) be the inclusion and projection
respectively. If n is a zero of u, then we can write T, N = V,, & H,, where V is
the quaternionic span of X and H is the orthogonal complement. Note that this
splitting is quaternionic. The hypotheses of the theorem imply that V contains all
vectors tangent to the Sp(1)-action and that H is an Sp(1)-invariant distribution
of horizontals for the projection 7. The restriction "2 of €} vanishes on V' and
is Sp(1)-invariant, so i*() is the pull-back of a 4-form Q' on the quotient. Since
‘H is quaternionic and 7*€’ is just the restriction of Q on H, we see that ' is of
the correct algebraic type to define a quaternionic structure on the quotient. Now
1*Q = 7*Q and 7* is injective, so d€) = 0 implies that Q' is closed. This concludes

the proof if the quotient is at least 12-dimensional.

For the second proof we need to work with the covariant derivative V' on the
quotient. As above, for n € p~!(z) split T,,N as V,, ® H,,, write i and 7 for the
inclusion and projection maps, and let -* denote the horizontal component of a
tangent vector. Then if Z € H, is the pull-back of a tangent vector Z on the

quotient, we have

V'Z =m.((VZ)"),

where V is the Riemannian connection on N. Note that if w4 is one of the Kéahler
forms on N, then if Z € H and Y is any tangent vector, we have wa(Y,Z) =
wa(Y, Z). Choosing a local section s of ™ we obtain a local 2-form s*w4 on the
quotient and there we obtain a rank 3 vector bundle G generated by all such local 2-
forms. Except in 4-dimensions, it is sufficient to show that this bundle is preserved

by V'. If wy is such a local 2-form, then 7*wa = (frwr + frws + fxwr )™ for some
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functions fr, fs, fx. Now

m*V'wa = (V((m*wa)™))*
= (V(frwr + fowy + frwr)™)™

= (df; @ wr +dfy @ wy + dfx @ wi)™,

since by the remark above, (V(w;)")* = (Vw;)" = 0. Thus V/wy is in G, as
required.

In 4-dimensions we need to calculate the curvature. If s is a local section, then
s*wyr defines a complex structure if and only if it is a holomorphic section with
respect to I. As in the integrability proof in the previous chapter, this implies
that the curvature tensor lies in the complement of A%2? ® A%2. This holds for
each complex structure on N and forces the curvature to be self-dual. The Einstein
condition follows from an immersion computation and the formulae of O’Neill (1966)

applied to the Riemannian submersion p~1(x) — u~1(x)/ Sp(1). O

The above theorem generalises to the pseudo-Riemannian category in the same
way as we remarked that the hyperKaher quotient construction could be generalised.
The hypotheses on the group action in the above theorem, imply that the action
is essentially determined by a U(1)-action and the quaternionic structure of N. This
is a quaternionic analogue of having a complexified U(1)-action, which is what is
used in the ordinary Ké&hler quotient construction. Note that an Sp(1)-action also

determines much of the hyperKé&hler structure of N.

Lemma 3.5.2. Let (N,g) be a Riemannian manifold with symplectic
form w. Suppose N admits an isometric SU(2)-action such that the distri-
bution A spanned by SU(2) - I is 3-dimensional and the orthogonal com-
plement I+ in A is preserved by the almost complex structure I defined

by w and g. Then N is locally hyperKahler.
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PROOF. Locally there is a g € SU(2) such that g*w is orthogonal to w. Define wy
to be w and put w; = g*w. Define J by ¢g(X, JY) = w;(X,Y) for tangent vectors X
and Y. Then, the I-invariance of the decomposition of A implies that IJ € SU(2)-I
and hence that (IJ)? = —1, so IJ = —JI. Define K to be I.J and define wy in
the same way as wy. Then wy, wy and wg are closed 2-forms and so define a local

hyperKahler structure. 0

The product of two quaternionic Kéhler manifolds need not be quaternionic,
but the above theorem suggests a type of quaternionic join construction. Let
My, Ms be quaternionic Kahler manifolds with positive scalar curvature. Con-
sider the bundles U(M;), U(Ms) with their hyperKéhler metrics. The product
U(M;y) x U(Ms) is hyperKahler and H* acts diagonally. The Sp(1)-action so de-
fined satisfies the hypotheses of the theorem and we obtain a quaternionic Kéhler
manifold J (M, M3) of dimension dim M; + dim My + 4. Topologically this is
the Zs-quotient of the quaternionic projectivisation of the bundle which is locally
i H(My) @ n5H(Ms) — My X Ms, where 7; is projection onto the ith-factor. Thus

if M, is a point *, J(Mq, *) is topologically U (Mj).

Proposition 3.5.3. Let M be a quaternionic Kahler manifold with pos-
itive scalar curvature. The quaternionic Kédhler metric on J (M, x) agrees

with the metric g1 constructed on U(M) in Chapter 2.

PRrROOF. First note that the join of two points J(x*, *) is the Za-quotient of HP(1)

HP(1)

with two points removed with its standard symmetric metric g . In inhomoge-

neous coordinates,

dz @ dz zZdz @ dzz dz Q@ dz
HP(1) _ _ — Eheiadiedheiodi
g Re(uuzw <1+uzu2>2> Re((1+uzu2>2)'
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Let g™ denote the metric on M, which we will assume to be normalised so that the
constant ¢ appearing in the definition of g7 is 1. Let g](HZI) denote various copies of

the standard flat metric on H. Then the metric on J (M, x) is

1 \ ”
= (T?WH gV +90)+ gl&) :

2 2 .2

where r? = r? +r32; r2, r2 are the radius functions on U (M) and U(x) respectively;

and H denotes projection to an appropriate horizontal subspace. Now 7 ’ gM is
1 H

horizontal and 3 (gg) + g&) is the metric on J (, *). Fix r3 = 1 and r? = ||z]|?,

then the metric on J (M, %) is

||Z||2 H* M 1 gH
IR (1 + [|z]]*)?

which is one of the g; metrics. OJ

If M is HP(n) then J (M, %) is the quotient of H"*? by H* and we just obtain
the standard quaternionic Ké&hler metric on an open subset of HP(n + 1). Thus,
the quaternionic Ké&hler metrics on U(HP(n)) arise from the standard inclusion
H"+! < HP(n+1). Other examples of joins of Wolf spaces will be discussed in the
next chapter. In particular, we will see that the join of CP(2) with a point is not

locally symmetric.
3.6 Potentials

Let N be a hyperKéahler manifold admitting a circle action preserving I and per-
muting J and K. Hitchin et al. (1987) showed that if p is the moment associated
to the circle action and the Kéhler structure I, then p is a Kéahler potential for J
and for K. This raises the possibility of N admitting a Kahler potential for all the

complex structures simultaneously.
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Definition 3.6.1. If N is a hyperKéahler manifold, a function p: N — R
is a hyperKdhler potential if for each complex structure A compatible with

the hyperKéahler structure of N, u satisfies
10404 Ih=wa,
where w4 is the Kédhler form of A.

The result quoted above suggests that the existence of a hyperKahler potential

may be linked with the existence of certain group actions.

Proposition 3.6.2. Suppose N is a hyperKahler manifold. If N has a
hyperKéhler potential then N admits a local Sp(1)-action which permutes
the complex structures and, in the notation of the previous section, is such
that the vector field 1 X is independent of 1.

Conversely, if N admits such an Sp(l)-action, then N has a hy-

perKahler potential.

ProoOF. Let u be a hyperKahler potential on N. For a complex structure I com-
patible with the hyperKéahler structure of NN, define a vector field X; by du =
Xjwr = —(IX7)ag, where g is the metric on N. Thus the vector field X = I X is
independent of the choice of complex structure I. It is now sufficient to show that
the bracket [IX, JX] a non-zero multiple of K X. Firstly, if A and B are vector

fields then
0= _dQN(AvB) = d(Xg)(A4,B) = Ag(X, B) — Bg(X, A) — g(X, [4, B]).

Taking A = IX and B = JX yields g(X, [IX,JX]) =0, so [[X, JX] is orthogonal
to X. If C is also a vector field then
0= de(A,B,C) = Aw](B,C) + B(,U](C, A) + Cw](A,B)

—wi(A, [B,C)) —wr (B, [C, A]) — wi(C, [A, B]).
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Fix a point n of N and let Y € T, N be orthogonal to the quaternionic span of X.
Extend Y locally so that it commutes with /X. Take A=Y, B=IX and C = JX

in the above formula. This gives

0=g(Y,I[IX,JX])+g(X,[JX,Y])+g(JX,I[Y,IX]) = g(Y,I[IX, JX]),

so [IX,JX] is in the span of IX, JX and KX. Now p is a Kéhler potential for I,
so d(Idp) = wy for each I. Thus Lyxwy = d((KX)ug) = d(K(—X1g)) = d(Kdu) =
wk and similarly for cyclic permutations of I, J and K. Also, Lyxw; = d(X1g) =

d*u = 0. Thus

Lirx,gxwr = [Lix, Lyx]wr
= (LixLjx — LyxLrx)wr
= —Lixwg —0

=wy,

showing that [IX, JX] is non-zero and that the Sp(1)-action, resulting from inte-
gration, permutes the complex structures.

Conversely, if N admits a permuting Sp(1)-action with /X fixed, let y; be the
moment map associated to I, then duy = X;wr = —(IX)ug. Hitchin et al. (1987)
show that p; is a Kahler potential for J and K. Now let p; be the moment map
associated to J. Then since JX; is independent of J, we have duy; = —(JX )19 =
dpr. Now g is a Kahler potential for I, so applying 9y to this equation shows that

10rdpy = wy and that py is a hyperKéahler potential. OJ

Note that on the associated bundle of a quaternionic Kahler manifold the hy-
perKihler potential is the function 72. The hyperKihler potential determines the

metric as follows. The first part of the proposition is well-known.
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Proposition 3.6.3. 1) If N is a Kahler manifold with metric g, Rie-
mannian connection V, complex structure I and Kahler form wy, then for

a function p on N
1
§(V§<,Yﬂ +Vixyn) =9(X,Y)  forall X,Y
if and only if
i8151,u = Wwy.

2) If N is a hyperKéhler manifold, then for a function p
Viu=yg if and only if w is a hyperKahler potential.

PROOF. 1) Let X, Y be two vector fields. Now V is torsion-free and I is Kéahler,

SO

2(i0r0r ) (X,Y) = —id(dp + ildu)(X,Y)

— d(Idp)(X,Y)
— X (Idp)(Y) = Y (Idp)(X) — Idu[X, Y]
= X(IY)p) =Y((IX)p) = (I[X, Y]
= X((IY)p) =Y ((UX)u) = I(VxY = Vy X)pu
= X((IY)p) = VxUIY)p = Y((IX)p) + Vy (I X)p
= V%(,IY:U’ - V%/,IX:UJ

and the result follows.

2) This follows from part (1) by fairly general principles. Let h(X,Y) = Vg(’y 14
we need only show that g = h if and only if g(X,Y) = 1(h(X,Y) + h(IX,IY))
for all vector fields X, Y and each compatible complex structure I. If ¢ = h then
this is just the fact that I preserves the metric. If the second condition holds then
h(IX,IY) = h(JX,JY). Put X' = IX, Y’ = IY and suppose IJ = K = —JI,
then A(X')Y") = h(K X', KY"), as required. O
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Remark. If N is a hyperKahler manifold with hyperKéahler potential u, then the
vector field X dual to dp is an infinitesimal quaternionic transformation. In the
notation of Proposition 3.6.2, X is the vector field 1. X, so we have a local H*-action.
The system of equations

Vdu = Ag,
for some constant A, is over determined and Weitzenbock techniques show that the
H*-orbits are flat and totally geodesic.

Pursuing an idea of Lebrun (1990), suppose M is a quaternionic Ké&hler mani-
fold with Levi-Civita connection V and that M admits a hyperKéahler metric in the
same quaternionic class. The hyperKé&hler metric trivialises the bundle H and so
gives a solution h of the twistor equation. Quaternionic invariance of this equation,
implies that e = Vh is a section of E. From e and h one can construct infinitesimal
vector fields for a local H*-action. We expect such metrics to be locally isometric
to an associated bundle U(M’) for some quaternionic Kéahler manifold M’. If M is

four-dimensional, the above discussion shows that it is flat.

The classification of hyperKéahler 4-manifolds admitting a permuting Sp(1)-
action was carried out by Gibbons & Pope (1979) and completed by Atiyah &
Hitchin (1988). The metrics obtained (upto finite quotients) are the flat metric
on H, the TAUB-NUT metric and the hyperKahler metric on the moduli space of
charge 2 monopoles. Of these, the only one that can possess a hyperKéahler potential
is the flat metric.

Maciocia (1989) explicitly constructs the hyperKéahler potential for the mod-
uli space My, of framed SU(r)-instantons of charge k over R*. If A is such a
connection, then the hyperKéahler potential is given by the ‘second moment’

1
mafa) = 1oz [ Il Te 3

where F4 is the curvature of A.
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Corollary 3.6.4. The manifold m; ' (z)/ SO(3) C My,./SO(3), for any

non-degenerate point x € Im mso, is quaternionic Kéahler. Il

73



Chapter 4
ISOMETRY GROUPS AND
QUATERNIONIC GEOMETRY

In this chapter we will be concerned with quaternionic Kéhler manifolds of
positive scalar curvature which admit sufficiently large isometry groups. We start
by showing that the twistor spaces of these manifolds may be mapped into the
projectivised nilpotent variety of the complexified isometry group. We also obtain
a map of the quaternionic Kéahler manifold into the Grassmannian of oriented three-
planes in the Lie algebra of the isometry group. This leads us to study the nilpotent

variety and the Grassmannian from the point of view of quaternionic geometry.

In the second section we try to see as much of the twistor space structure of
the projectivised nilpotent orbits as possible and obtain quaternionic manifolds via
the inverse twistor construction. The following section studies the same situation
from the point of view of the nilpotent orbits themselves using the gradient flows
of certain functionals. The nilpotent orbits are already known to be hyperKé&hler
with an action of H* permuting the complex structures (Kronheimer, 1988) and in
Section 3 we see that the H*-quotient is a quaternionic Kahler manifold and identify
points of this manifold with elements of the Grassmannian encountered in the first
section. The chapter ends with various examples of quaternionic Kahler manifolds

derived from nilpotent orbits.

74
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4.1 Embeddings of Twistor Spaces

Let M be a quaternionic Kéhler manifold with positive scalar curvature and let
G be the identity component of its isometry group. For simplicity, we will assume
that G is compact and semi-simple. Compactness holds if, for example, M is
complete, since the positivity of the scalar curvature now implies that M is compact
(Myers, 1935). We have already described the twistor space Z of M as the complex
projectivisation of either U (M) or, locally, H. However, since the vector bundle G
generated by local compatible almost complex structures on M is just the symmetric
product S?H we see that Z is also the sphere bundle of G. Explicitly, a unit vector
x € H is identified with the symmetric product izVjx € S?H. The Kahler structure
on Z now arises as a combination of the natural structure on the fibres S? =2 CP(1)
and the almost complex structure on 7, M defined by the point of Z = S(G).

The isometry group G lifts to Z as a real form of the identity component of the
group G of holomorphic automorphisms of the contact structure on Z (see Nitta

& Takeuchi, 1987).

Theorem 4.1.1. (Salamon, 1982) If M is a 4n-dimensional pseudo-qua-
ternionic Kahler manifold with non-zero scalar curvature and Z is the
twistor space, then
i) the fibres of Z are complex projective lines with normal bundle C*" ®
O(1),
ii) Z admits a real structure, that is, a fixed-point free, antiholomorphic
involution,
iii) Z has a complex contact structure, the contact line bundle L is pos-
itive and the contact distribution is transverse to the fibres, that is,

the contact form § € Q' (L) gives an isomorphism T CP (1) & L|cp(1),
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iv) the space of holomorphic sections H°(L) is isomorphic to the Lie

algebra gC. O

For part (iv), see also Poon & Salamon (1989) and Kobayashi (1972).
If Z is compact then Kodaira’s Theorem (see Griffiths & Harris, 1978) shows

that for sufficiently large r the (meromorphic) map

oM. Z 5 P(H(L")*)

induced by evaluation, is a holomorphic embedding. Let ® = &) be the meromor-
phic map

*

d: Z > PH(L)") =P(g").

From Chapter 3, we see that this map is the complex moment map associated to
the action of G on U(M), which should be regarded as the symplectification of Z.
So @ is associated to both the algebraic geometry and the group theory of Z. A
base point of ® is a pole of @, that is, a point at which all holomorphic sections of £

vanish.

Proposition 4.1.2. Suppose ® has no base points and that the action
of G on M is full in the sense that there is no open set in M on which
G fixes a compatible complex structure. Then the elements of ®(Z) are

nilpotent.

PROOF. Let z be a point of Z, identify g€ and g€ via an invariant inner product,
and choose a representative e € g€\ {0} such that ®(z) = [¢]. We claim that
e is nilpotent if for every G-invariant polynomial p we have p(e) = 0. To see this
choose an embedding of g* in gl(m, C) (this exists since G is compact). Then put e

in Jordan form and consider the polynomials p,(z) = Tr(z™). These are invariant
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polynomials for GL(m, C) and hence for G, so Tr(e™) = 0 for all n and all symmetric
polynomials in the eigenvalues of e vanish. Hence zero is the only eigenvalue of e
and e is nilpotent.

Suppose there is a non-trivial, G-invariant polynomial p € S¥H?(L) = S*¥g of

least degree such that p(e) # 0. Let s, be the map
sp: SFHO(L) — HO(LP).

Now p(e) = (sgp)(e®¥) is non-zero, so we have a G-invariant section o = sip
of HY(L¥). Restricting to a fibre CP(1) of Z — M we have that o|cp(1) is a
holomorphic section of L¥|cp(1y = O(2k), so o must have a zero on CP(1). Fur-
thermore, for a generic CP(1) this zero must have multiplicity one, otherwise there
is an invariant polynomial of smaller degree. Using the action of GG, we now obtain
a holomorphic, invariant section of Z on an open set, which is not possible by our
fullness hypothesis. So o is identically zero and p(e) = 0. Thus e is a zero of each

G-invariant polynomial and so must be nilpotent. [l

Since G acts on Z preserving the Kéahler structure we have a real moment
map pu: Z — g*. We may extend this linearly to a map G — g*; this is just the
map A — (VA)® (U discussed in Chapter 3, because the fibre of G is isomorphic
to sp(1). So for each point = in M we have a map ¥: G, = sp(1) — g. In Chapter 2
we saw that for a Wolf space this map is a homomorphism, but in general this
map does not preserve the Lie algebra structure. The maps ® and ¥ are related
as follows: let e; be a unit vector in G, and extend to an oriented, orthonormal
basis ey, es,e3, then ®(e;) = [¥(es) + iV (e3)] € P(g¢). Now eq + ies is isotropic
in G, ® C, so the above proposition shows that V' = ¥(G,) is such that the image
of the isotropic elements, under the complex linear extension of ¥, are nilpotent.
Let F denote the set of all oriented 3-planes V' &€ 6‘&3 (g) whose isotropic elements

are nilpotent.
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Proposition 4.1.3. If the action of G is full and ® has no base points,

then W(G,) lies in the variety JF.

PROOF. It only remains to show that W(G,) is three-dimensional. The hypothesis
that ® has no base points implies that ¥(G,) is at least one-dimensional. If the
image is not three-dimensional, then there exist orthogonal unit vectors e; and es
in G, with W(ey) # 0 and ¥(ez) € (U(eq)). Thus W(ey +ieq) are complex multiples
of WU(ey) € g. It is now sufficient to show that g contains no (non-zero) nilpotent

elements.

As above, we may assume that G is a subgroup of SU(n) for some n. Now

if A € su(n) is nilpotent, we have Tr A™ = 0, for all m. But A = —Af so
0=TrA?=—Tr AA* = — > |a;;|? and A is identically zero. O
,J

Thus, F C Grs (g) and the nilpotent variety in g& contain local models for M
and U(M), respectively. In the next two sections we will study the quaternionic

geometry of these two varieties.

To give an example of F, consider the case where g is s0(4) = s0(3)®s0(3). Let
e1,€2,¢es3, f1, f2, f3 be oriented orthogonal bases for each of the so(3)-factors such

that

le1, e2] = —2es, [f1, fo] = —2fs, etc.

The elements of F are now the three planes (Aey + puf1, Aea + pfa, Aes + pufs), for
(A, 1) = (cosf,sinf) € S, together with those obtained after applying an element
of SO(3) to either the e; or the f;. These three planes are images of homomorphisms
only if A/p is 0, 1 or co. The elements of F with A/u € (0,00) and A > 0 are in

bijective correspondence with S*/Z, with two points removed.
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4.2 Projective Nilpotent Orbits

From the previous section one would hope to be able to show that projective nilpo-
tent orbits are twistor spaces of quaternionic Kahler manifolds. We saw in Chapter 2
that this was indeed the case for the highest root orbit, since this is the associated
bundle of the Wolf space with isometry group G.

Let O be a nilpotent orbit of a complex semi-simple Lie algebra g€. There is
a contact structure on P(O) derived form the complex symplectic structure w of O
described by Kirillov, Kostant & Souriau (Kirillov, 1972). If X is an element of O,
then w([X, A],[X,B]) = (X,[A, B]). The contact form 6 is the contraction of w
with the vector field generating the R-action, so ([ X, A]) = w([X, —H], [X, 4]) =
—(X,[H,A]) = ([X,H],A) = —2(X, A). Let o be the real structure on g¢ whose
fixed point set is g. Then 0*# = 6, so the natural real structure o on P(O) respects
the contact structure.

Given X € O, the Jacobson-Morosov Theorem (Carter, 1985, Kostant, 1959)
states that there are elements Y and H of g* such that (X,Y, H) is an sl(2,C)-

triplet, that is X, Y and H satisfy
(X,Y]=H, [H,X]=2X and [H,Y]=-2Y.

This shows that R acts on O via scaling and that we have a Lie algebra homomor-

0 1

phism p: sl(2,C) — g® such that p < ) = X, given by

0 O

0 1 0 0 1 0
p =X, p =Y and p = H.
0 0 1 0 0 —1

Without loss of generality, p is the complexification of a real homomorphism su(2) —

g, where g is the Lie algebra of a compact real form G of G (see Kronheimer, 1988).
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Let x € P(O) be the point defined by X and let A be the set of nilpotent
elements in s[(2,C). Then z lies in P(pN) = CP(1). Let v be the normal bundle
of this CP(1) in P(O). If P(O) is a twistor space then we expect v to be a direct
sum of O(1)’s. Now g splits under the action of s[(2,C) into a direct sum of

SU(2)-modules
o€ =S* o P Ars*,

k>0
where the first S? is the span of X, Y and H, Ay are trivial as SU(2)-modules and

juxtaposition denotes tensor product. The tangent space to O at X is
TxO = (ad X)g%,
so the normal bundle at x is given by

v, = (ad X) @Aksk.
k>1
Restricting to the circle subgroup defined by H, we have a further splitting of v
into U(1)-bundles. Since (ad X)S* is just S* without the (—k)-weight space, a sum-
mand (ad X)S* of v consists of line bundles whose Chern classes are k, k — 2,...,2—

k. Thus the Chern class of (ad X)S* is k = dim(ad X)S* and we have
c1(v) = rankwv.

Let ev, be the evaluation map H"(v) — v,. Consider the map A — [X, A].
This is a map from g© to the tangent space of the nilpotent orbit at X and gives a
well-defined element of the tangent space T,P(Q) of the projective nilpotent orbit

at x = [X]. We denote this tangent vector by z(A4). The composition

g° — T.P(0) — T,P(0)/T, CP(1) = v,
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where the first map is A — z(A4) and the second is projection, is clearly surjective.
Letting = range over CP(1) gives a map from the complex Lie algebra to H°(TP(O)).

Now the composition

o€ — HY(TP(0)) — H(v) &5 4,

agrees with the map given above and so ev, must be surjective. Any holomorphic
bundle over CP(1) splits holomorphically as a direct sum of line bundles O(k) (see
Griffiths & Harris, 1978), so

v = Wi0(k),
k

for some complex vector spaces Wy. Let u be the non-negative part of v, so that

uw= @ WiO(k). Then we have the exact sequence
k>0

0 — pu—v—3v/p—>0.

If s is a holomorphic section of v, then ms = 0 so ev,(s) = s(z) € p,. But ev, is

surjective so 7 is zero and v = @ W;O(k). In particular, we have
k>0

H'(v) =0.
Let h'(-) be dim H'(-). By the Riemann-Roch Theorem, we have that

ho(v) = bl (v) = x"*(v) = ch(v) - T(CP(1))
= c¢1(v) + rankv

= 2rank v,
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since ch(v) is rank v in dimension 0 and ¢;(v) in dimension 1 and Td(CP(1)) is 1

in both dimensions 0 and 1. Thus,

h®(v) = 2rank v.

If we identify the nilpotent orbit A/ in s[(2,C) with its image p(N), then the

map (z, A) — x(A) gives the following commutative diagram

CP(1) x @ARSF — v

= > CP(1) <

This map is complex linear and hence holomorphic and the splitting @ AxS*
k>1

induces a holomorphic splitting of v. So, holomorphically, we may work with one
summand v/ = (ad X)S* of v. The above cohomological arguments also apply to v/,

in particular

c1 (V') = k = rank v/

h(v') = 2k.

Now the map
Sk = HO(CP(1) x S*) — H°(V) (4.2.1)

is equivariant and we have a surjection

CP(1) x S — v/, (4.2.2)

Suppose v/ = By + B1O(1) + ---, where the B; are SU(2)-modules. Then any

S™ C By is in the image of S* under (4.2.1). But S” C v/, sor < k, since rankv’ = k
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and dim S™ = r+1. Now Schur’s Lemma implies that the map S* — S” is zero and

so the map S* — By is also trivial. Surjectivity of (4.2.2) now forces By = {0} and

v =P Bo®).

t>1

But the equation ¢;(v') = rank v’ says > (dim By)t = Y dim By, so v/ = B1O(1)
t>1 =1
and

v =BO(1),

for some SU(2)-module B.
Write By as @ S%. Then

H(W) =B oS =Pt + 51

and h°(v') =23 1; + 1. Also, Sk C H°(v') so one of S* + S¥=2 or S*+2 4+ S* must
also be contained in H°(¢'). A dimension count shows that H?(v') = Sk @ Sk—2

and

H(v) = @) Aw(S* & S*72).

k>1
Thus we have proved the following.

Proposition 4.2.1. If g© splits as the direct sum S? & @ AxS*, under
k>0

the action of 5[(2,C). Then the normal bundle of CP(1) = P(p/N\) in P(O)
is

P At | @ 0(1).

k>1

g

Remark. This decomposition may also be obtained as follows. Let V be the

complexification of a real oriented three-plane whose isotropic elements lie in O.
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Then TP(g®)/TP(V) is a direct sum of O(1)’s. If CP(1) is the projectivisation of
the isotropic elements of V', then the map CP(1) — P(V) = CP(2) has degree 2 and
p=TP(g")/TP(V)|cpa1y) = V+ ® O(2). Now the normal bundle v of CP(1) is a
non-negative subbundle of u, so v = AO + BO(1) + CO(2), for some vector spaces
A, B and C. An O(2)-summand gives a non-zero holomorphic section s of v(—2)
and hence of y(—2). This is a constant vector v in V+ which also lies in 7,0 for
each x € CP(1). Thus, if ¢;(v) = rank v, we have that v is a direct sum of O(1)’s if

and only if (]  ad(X)g® = {0}. If V arises from a homomorphism, then this
[X]eCP(1)

second condition is clearly satisfied.

This information about P(O) is nearly sufficient to prove directly that it is the

twistor space of a quaternionic Kahler manifold.

Theorem 4.2.2. The manifold G/N(Sp(1)) is a submanifold of a pseudo-
quaternionic Kahler manifold whose twistor space is an open subset of a

projectivised nilpotent orbit P(O).

Note that if O is a highest root orbit and G is simple and centreless, then the
manifold G/N(Sp(1)) is just the Wolf space discussed in Chapter 2. This result
should be contrasted with the classification of homogeneous Kahler manifolds, which

may be described as G/N(U(1)) for some circle subgroup U(1) of G.

PROOF. Starting with a real homomorphism p: su(2) — g such that p(N) C O, we
obtain a CP(1) C P(O) with normal bundle v = BO(1). In particular, H!(v) van-
ishes, so Kodaira’s Theorem provides us with a maximal family M of deformations
of dimension h®(v) = 2rankv (Kodaira, 1962). Let T be the incidence manifold

for P(O) x M and consider the following diagram, where each map is the canonical
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projection.

T
¢ NP
P(O) M
Now for points of CP(1) we have
rank ¢ = dim 7 — h%(v(—1))
= 2rankv + 1 —rankv
=rankv 41

= dim P(0O).

By Riemann-Roch, this computation is equivalent to h'(v(—1)) = 0. A result of
Grothendieck (Hartshorne, 1977) asserts that the function x — h'(v(—1)), is lower
semi-continuous and so h'(v(—1)) = 0 in a neighbourhood of CP(1). Thus ¢ has
rank dimP(O) in a neighbourhood of the orbit of CP(1) under G. This orbit is
an S2-bundle over the manifold G/N(Sp(1)) where N(Sp(1)) is the normaliser of
subgroup Sp(1) of G obtained from Im p via exponentiation. The real and contact
structures on the CP(1)’s in this orbit extend to the deformation space. Our result
now follows from a theorem of LeBrun (1989) which states that for a complex
contact manifold of dimension 2n + 1 > 5 with fixed-point-free anti-holomorphic
involution o respecting the contact structure, the set of o-invariant rational curves
with normal bundle 2nO(1) is naturally a pseudo-quaternionic Kéhler manifold of
dimension 4n. (A non-Riemannian version of LeBrun’s result was discussed by

Pedersen & Poon, 1989.) O

The above theorem would show that the whole of P(QO) is a twistor space if we could
prove that there is an appropriate real CP(1) through each point. The Jacobson-
Morosov Theorem already shows that there each point lies in a CP(1) with cor-

rect normal bundle, but in general this need not be o-invariant. Note that the
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manifold M is a complex Riemannian manifold with quaternionic structure (i.e.
a manifold with structure group Sp(n,C) Sp(1,C) and a compatible torsion-free

connection) associated to the whole projectivised orbit.
4.3 Trajectories and Quaternionic Kahler Metrics

The manifold G/N(Sp(1)) is contained in the variety F C C‘rvrg(g) introduced in
the first part of this chapter. The proof at the end of the previous section shows
that G/N(Sp(1)) lies in a quaternionic K&hler manifold which is contained in F.
Given an invariant inner product (-,-) on g, there is a natural functional 1), defined
on &3(9) as follows. Let V be an oriented 3-plane in g and let v, vs,v3 be an

oriented basis for V. Then

Y(V) = (01, v2,03) = — o, o2, 1),

where

2 = vt || floa]*]lvs ]|
= (v1,02)°[Jvs]|* — (w2, v3)* v [|* — (vs, v1)?[|ve]|®

+ 2<Ul, U2><’UQ, ’03><’03, ’U1>.

Note that if e1, 3, e3 is an orthonormal basis for V' then (V) = — (e, [e2, €3]). The

gradient flow equations for ¢, V = Vi (V), are

é1 = —[ez, e3] — ey,
€ = —les, e1] — Yea,

és = —[eq, e2] — Yes.
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The right-hand sides of these equations are just the components of the Lie brackets
which are orthogonal to V.

The non-zero critical points of v correspond to images of homomorphisms
p: su(2) — g, so these critical sets are the manifolds G/N(Sp(1)). Dynkin (1952)
defines the index j, of p to be the constant such that (p(z),p(v)) = j,(z,y). So,
at a homomorphism p, ¥(p(sp(1))) = V2/ \/Jo- Results of Dynkin now show that
0 < (p(sp(1))) < V2 and that \%@b is a calibration on a}g(g) with the absolute
maxima of ¢ occurring at the Wolf space with isometry group G.

Returning to the example of the first section, where g = s0(4) = s0(3) @ s0(3),
the trajectories of ¢ are obtained by varying the S'-parameter (), u). The critical
points correspond to the homomorphisms from sp(1) to each so(3) factor of so(4)
and to the diagonal copy of s0(3) in so(4). In the first two cases the value of
is v/2 and in the diagonal case ¢ is 1. The space of trajectories from the diagonal

homomorphism to one so(3)-factor is thus RP(3).

Lemma 4.3.1. The gradient flow of ¢ preserves the variety F and the

nilpotent orbits associated to elements of F.

PRrROOF. Given an oriented, orthonormal basis e, e, e3 for an element V' € F, let
el = (1 —t)e; — tles, e3], ete.,

be a path parameterised by ¢t € R. Upto order t?, €}, €}, €4 are orthonormal, so we
need to show that e} + i€} is nilpotent to first order.
We claim that X € g© < gl(m,C) is nilpotent if and only if X = [X,Y] for

some Y € g€. The forward implication is part of the Jacobson-Morosov Theorem.

A 0
For the converse, let A be a Jordan block of X, so X is conjugate to ( >
0 B
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A 0 a f (A, o] *
(o) G0 )

and X = [X,Y] implies A = [A,a]. Since A is a Jordan block it has minimum

Now

polynomial (x — AI)". But 0 = Tr[A,a] = Tr A = n\, so A = 0 and A is nilpotent.
Now V € F, so e; + ieo is nilpotent and there exists Y such that e; + ies =

le1 +iea, Y]. We have

ey +iey = (1 —t))(er + iea) + tler + iea, ies)
and [e] +ieh, Y] = (1 — th)[e1 + iea, Y] + t[[e1 + iea,ie3], Y]

= (1 — t@b)[el + ieg,Y] + t[[61 + iez,Y],ieg] - t[el + ieg, [’i63,Y]],

S0
e} +iey = [e} +ieh, Y +tlie3, Y]]  to order ¢,

as required. Note that, to first order, Y + t[ie3, Y] lies in the GC-orbit of Y. O

From the lower semi-continuity of h!, we may use the flow of 1 to extend the pseudo-
quaternionic Kéhler manifold constructed at the end of the previous section. We
shall see that the twistor space is the whole of P(Q) from the following argument in
the Lie algebra. The proof will not depend on the discussion of F, but we shall see
that the variety F does provide a good description of the quaternionic geometry.
The analogue of 1) on g> is the Chern-Simons functional p: g x g x g — R

defined by
3

P(A) = (A1, Az, Az) =3 {Au Ai) + (Ar, [Az, As]).

=1

The gradient flow equation A = —V(A) is

A = —2A; — [Ag, Aj],

Ay = =245 — [A3, A4],

Ay = —24;5 — Ay, As).
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Note that these trajectories project to (unparameterised) trajectories of 1) on Grs (9),

since the right-hand sides project to the component of the Lie bracket that is or-

thogonal to the three-plane V4 spanned by Aj, Ay, As. Let M (p) denote the space

of solutions of these equations such that lim A(t) =0 and lim A(t) is conjugate
t—00 t——o0

to p under the adjoint action of the real group G. Here A has been identified with

the linear map su(2) — g given by

—i 0 0 1 0 1
— Al, — A2 and — A3.
0 =2 -1 0 1 0

Lemma 4.3.2. If A is a solution of A = —V(A) such that . lim A(t)
—— 00
is a homomorphism su(2) — g (for example, if A is a point of M (p)) then

A1, Ao, As is a conformal basis for Vy.

PROOF. 4 (A, Ay) = —4(A;1, As), so (A1, As) = Ce™* for some constant C. At
a homomorphism —2A4, = [A3, A;], so 2(Ay, As) = —(A4;,[As, A1]) = 0. Letting
t — —oo shows that C'= 0 and that (41, As) = 0 for all ¢.

Now %HA1H2 = _4HA1H2 - 2<A17 [A27A3]>7 S0

t
AL |2 = eqe—tt — 26—“/ ¢15( Ay, [As, Ag)) ds.
0

But the integrand is the same for each A; and as t — —oo the norms of the A;

approach the same non-zero constant, so || 41| = [|Az|| = ||As]| for all ¢. O

Kronheimer (1988) shows that M(p) is diffeomorphic to the nilpotent orbit O C
g® containing X. He also interprets M (p) as a moduli space of framed G-instantons
with SU(2)-action on the 4-manifold SU(2) x R and shows that M(p) is a hy-
perKéhler manifold. The space M(p) also admits an action of H*/Zs = Aut(su(2))

induced by composition and this action permutes the complex structures.
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To obtain an identification between M (p) and O, introduce a fourth g-valued

function Ag(t) and replace the gradient flow equations above by

Al — _2A1 - [A07A1] - [A27A3]7

Ay = —2A5 — [Ap, A — [A43, A1),

Az = —2A3 — [Ao, A3z] — [A1, Al

Introducing g®-valued functions given by 2o = Ay + i4; and 28 = A, + iAs, we

obtain one real equation and one complex equation

(@ +a*)+2(a+a”) + 2([a, ] + [8, 8%]) =0,

B+ 28+ 2[a, 8] = 0.

These equations are invariant under the action of the real gauge group G of all
smooth maps g: R — G, given by Ag — Ad(g)(4g) —gg~ ! and A; — Ad(g)(A4;) for
i = 1,2,3. The complex equation is invariant under the complex gauge group G®

of smooth maps ¢g: R — G® which acts via

-1

o Ad(g)a — 149 and B +— Ad(g)p.

One now makes the following definitions.

Definition 4.3.3. (Kronheimer) A complex trajectory associated to p is
a pair of smooth functions a, 5: R — g€ such that

i) a and B satisfy the complex equation,

ii) as t — oo we have a(t) — 0 and S(t) — 0,

iii) as t — —oo we have 2a(t) — Ad(g)(H) and B(t) — Ad(g)(Y) for

some ¢ in the compact group G,
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iv) « and /8 approach their limits as ¢ — +o0o with exponential decay.

Two complex trajectories are equivalent if there is an element g of the
complex gauge group G taking one to the other and such that g(t) — 1

as t — oo.

Proposition 4.3.4. (Kronheimer) The equivalence classes of the complex

trajectories associated with p are parameterised by the nilpotent orbit O.

Explicitly, Kronheimer shows that if two trajectories agree outside a compact
subset of R then they are equivalent and that each complex trajectory is equivalent
to a trajectory («, ) such that

(a(t), B(t) =

(3H,Y) ifte (—o0,0],
{ (4.3.1)

(0,e7%te) if t € [1,00),

where ¢ € O is uniquely determined by the trajectory. The U(1) in Sp(1) which
preserves the natural complex structure I on the space of equivalence classes of

complex trajectories, acts on («, 3) as multiplication by (0, e2¥).

Lemma 4.3.5. The action of U(1) on the trajectories given in (4.3.1) is

given by e . ¢ = 2%,

PROOF. We have e¥ - (a, B) = (o, €?? 8), so it is sufficient to find a gauge transfor-

mation f such that

g ifte (—o0,0],
o]

1 iftel,00),
where g € G® is such that (e729X, €Y, H) = Adg(X,Y,H). Since these two

s[(2, C)-triplets have H in common, a result of Dynkin’s shows that they are conju-

e 0
gate under the action of G¢. In our case, we may take g to be p < ” ) . 0
0 e’
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Let X denote the vector field generated by this U(1)-action, then I X7 is vector
field generated by the R-action
e =\,

which is independent of the choice of complex structure I on M(p). The results of

the previous chapter now show the following.

Propoition 4.3.6. The quotient of O = M(p) by H* is a quaternionic
Kahler manifold. U

The above R-action can be seen directly on M (p) as reparameterization of the

trajectories. If we map t +— t — 7 we obtain the trajectory

(3H,Y) if t € (—oo0, 7],
(a(t),B(t)) = {

(0,e72te?7e) if t € [1 + T, 00),

which agrees with (4.3.1) with e replaced by e*"¢ outside the compact interval
[min{0, 7}, max{1,1 + 7}].
The real structure on a twistor space P(Q) is given by the action of j on U (M).

Using the notation of the Lemma, the action of j € H* is given by j - (o, 5) =

0 1
(ca, 08) and using the gauge transformation f with g = p(j) = p ( > shows
-1 0

that j - € = oe, where o is the real structure on g® defining g.
Given two homomorphisms p; and p_ of sp(1) into g, let M (p_, p+) denote the
space of trajectories A of ¢ such that tlim A(t) = py and . lim A(t) is conjugate
—00 ——o00

to p— under the action of G.

Proposition 4.3.7. i) A trajectory of ¢ on F between the images of
homomorphisms V,,_ and V,. may be lifted to a trajectory in M(p_,p,)

and this lifting is unique upto the action of H*.
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ii) For a trajectory A € M(p-), the three-plane tlim Vaw) is a well-
—00
defined element of F. Moreover, if \ lim A(t) = p_ the projection of this
——00

trajectory may be extended to a trajectory between V, andV,,, for some

P+

homomorphism p;: sp(1) — g and every point on this extended trajectory

arises for some such p-trajectory A.

PROOF. To show the existence of a lifting, let e;(¢) be a path of orthonormal bases

for a iy-trajectory V(¢) in F and define
Ai(t) = g(t)ei(f(t),  fori=1,2,3,

where g and f are arbitrary, differentiable, real-valued functions to be determined.

For A to be a trajectory of ¢, we require
Ay = gg " Ay — [ Ay — fgT [Ag, As] = =24, — [Ay, Ag],  etc.

If Ay, Ay, A3 do not span the image of a homomorphism, then A; and [As, A3] are

linearly independent, so

Since % is bounded on the trajectory, this has the solution

6_2t

T k- [lp(r)e2rdr

t 6—20
J) = /0 k— [y w(r)e 2 dr 4o + 6,

g(1)
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for some constants k and c¢. Moreover, for an appropriate choice of k, tlggo g(t) is
non-zero.

To study the uniqueness of this lifting we look at reparameterizations of (-
trajectories. Let A be a p-trajectory from p_ to p; and define fl(t) to be the
path g(t)h(t)A(f(t)), where again f and g are real-valued, but now h takes values

in the group SO(3). For A to be a p-trajectory, we have that
((gh+ gh) — 2ghf + 2gh) A1 — ghf[As, A3] + g*[hA2, hAs] = 0, etc.

Now h € SO(3) implies that [hAa, hAs] = h[As, As], so if we are not at a homo-
morphism f = g and

gh ™ h = (=g +29f —29)id.

If / is non-zero then h must be proportional to the identity matrix, but this implies
that h = 1. So h is always a constant matrix and § — 2gf + 2g = 0. This equation

is just the one obtained above, but with ¢ replaced by 2. This now gives

1
)= ——

F(t) = ~log|e™ + A +-c.

where A\ and c are constants.

Fix h =1 and ¢ = 0. If A = 0, we just obtain the original trajectory. For
A >0, A(t) = p_ ast — —oo. Ast — oo, A(t) — 0 but f(t) — —3log A, so
Viw = Va-410e):

If A < 0, then g and f have singularities at ¢t = {7, = —%log(—)\) and the
trajectory splits into two parts. For t < ty, the limit as ¢ — —oo is still p_, and
in F, as t / tg, the three-plane Vj; approaches V, . For t > ¢y, we have an

orientation reversed version of the case A > 0.
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Fix A = —1, so that ty = 0. We claim that as t 0, ||4;| approaches a

non-zero limit. Recall that

~ 1 _ .

A;i(t) = 1——6215Ai(_% log(e 2" — 1)), fori=1,2,3 and t < 0.
Suppose A1 (t) = e 2 (y+&(t)), where e(t) — 0 as t — oo and ~ is non-zero. Then,
as t — 0, we have A; — 7, as required.

To show that A; has the right behaviour at infinity, recall that

t
1A; (|2 = Ce—1t — get /T eV o) dr,

where ¢ = (A1,[Ag, A3]) and C = e*T||AL(T)|?. Now ¢ = —6¢p — ((A1, A3)? +
(Ag, A3)? + (A3, A1)?) < =66, so 0 < ¢(t) < e %%k, where k = 5T ¢(T) for t > T
and

Ce™ = A0 = (C = k)e™ + ek,

so we need only ensure that C' > k, that is €T ¢(T) < || A1]|*(T). But ¢ < 2| 443,
so it is sufficient to have 2e?T||A;(T)|| < 1 and this is possible, since ||A1(T)] is
bounded as T' — —o0.

It now only remains to show that if A is a p-trajectory from p_ to zero, then the
limit three-plane lies in F. Fix attention on the isotropic element = Ay +iAs. Let
a = 1Ay. Now Kronheimer shows that there is a complex gauge transformation g
such that on [1,00), g - (o, B) = (0,e~2%¢), for some ¢ in the nilpotent orbit given
by p_. In particular, e?*3 = Ad(g~!)e, so we obtain a nilpotent element in the

limit. O

The manifold M (p_, p4) is a transverse slice to the orbit given by p; through
the orbit associated to p_ (Slodowy, 1980) and Kronheimer shows this is a hyper-
Kahler manifold. In F, this slice is just seen as all the points on trajectories to V,,,

from the real orbit of V,, , together with the points of the V, -orbit.
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4.4 Examples

The classification of nilpotent orbits in the complexification of a classical Lie algebra
is just the classification of the Jordan forms of matrices which arise and so the orbits
are classified by various partitions of n, for some fixed integer n. The dimension
of an orbit may be calculated directly from the partitions (Springer & Steinberg,
1970) and, using the results of Dynkin (1952) and Bala & Carter (1974), for the
first few semi-simple Lie algebras, we obtain the nilpotent orbits of the dimensions
given in Table 1 (see also Carter, 1985). Unless otherwise stated, by ‘dimension’ we

mean ‘real dimension.’

Lie algebra Dimension Real Dimensions of Nilpotent Orbits

50(3) = su(2) = sp(1) 3 4

s0(4) =sp(1) +sp(1) 6 8,4,4

su(3) 8 12,8

s50(5) = sp(2) 10 16,12,8

go 14 24, 20,16, 12

50(6) = su(4) 15 24, 20,16, 12

sp(3) 21 36,32, 28, 28,24, 20,12

50(7) 21 36, 32,28, 24,20, 16

su(b) 24 40, 36, 32, 28,24, 16

sp(4) 36 64, 60, 56, 56, 52, 48, 48, 44, 40, 40, 36, 28, 16
Table 1.

Dimensions of nilpotent orbits of some semi-simple Lie algebras.
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Four-dimensional Models. If we regard nilpotent orbits as models for associated
bundles of quaternionic Kahler manifolds, then in 4-dimensions we have the highest
root orbits of su(3) and sp(2) and the regular orbit in so(4). The first two are just the
associated bundles of the Wolf spaces CP(2) and HP(1), respectively. Hitchin (1979)
showed that these were the only two complete, self-dual Einstein manifolds with
positive scalar curvature. The regular orbit (the unique nilpotent orbit of highest
dimension) in s0(4) is just the product of the highest root orbits of each sp(1) factor,
and so it is the associated bundle for the quaternionic join of two points, which is an
incomplete manifold. This orbit is a finite quotient of the highest root orbit of sp(2).
More generally, we may describe the regular orbit of sp(p1) @ - - - @ sp(p,) as a finite
quotient of an open subset of the highest root orbit of sp(n), where il p;i = n. The
1=
highest root orbit in sp(n, C) =2 S2C?" consists of those elements v?, where v € C?".
Write v = v, + -+ + v,, corresponding to the splitting C*"* = C*1 + ... 4 C?r,

then the map to sp(p1) @ --- @ sp(p,) is given by

V7= v +""H’2r'

Restricting to the open set consisting of v such that no component v,, is zero
gives the regular orbit as a Zg_l-quotient and shows that the quaternionic Kahler

manifold obtained is

HP(n — 1)\ | JHP(n — p; — 1)/25—1.

This space is just the quaternionic join J (HP(p;), ..., HP(p,)). Poon (1986) showed
that the projectivised regular orbit of so(4, C) could be desingularised in such a way
as to give a self-dual structure on the connected sum CP(2)# CP(2). Donaldson &

Friedman (1989) extended this result to define self-dual metrics on other connected
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sums of self-dual manifolds. This example suggests that one should be able to extend
their result to construct quaternionic metrics on the connected sums of quaternionic

manifolds.

Eight-dimensional Models. We have the following. Firstly, the highest root
orbits for go, su(4) and sp(3) and the regular orbits of sp(1) @ sp(1) @ sp(1) and
su(3) @ sp(1) giving the Wolf spaces Ga/ SO(4), Gra(C*) and HP(2) and the incom-
plete spaces HP(2) \ 3HP(1)/Zy x Zy and U(CP(2)). Next there is the subregular
orbit (the unique orbit of codimension 4 in the nilpotent variety) of sp(2,C) =

50(5,C). Because of the isomorphism between these algebras, the description of

this orbit leads to two different generalisations.

Proposition 4.4.1. i) In sp(n,C), one of the nilpotent orbits of dimen-
sion 8 — 4 is double covered by an open subset of the highest root or-
bit in su(2n,C). The quaternionic Kihler manifold obtained from this
Sp(n, C)-orbit is Gra(C?™) \ HP(n — 1)/ Z.

ii) In so(q, C), one of the nilpotent orbits of dimension 4q — 8 is dou-
ble covered by an open subset of the highest root orbit in so(q + 1,C).
The quaternionic Kahler manifold obtained from this SO(q, C)-orbit is
Gra(RIH1) \ @(Rq)/zz.

PROOF. i) The Lie algebra su(m, C) consists of the trace-free elements of End(C™)
and the highest root orbits contains those elements of the form a ® b, for some
a,b € C™. If we identify C?" and H", then there is a map from the highest root
orbit of su(2n, C) to sp(n, C) = S2C?" given by a®b + aV jb. Generically, this map
has kernel Z,. Its image consists of all elements of the form eV f, where e, f € C?"
and, if w is the symplectic form, then w(e, f) = 0. One of the consequences of the
results of Springer & Steinberg (1970) is that the nilpotent orbits of sp(n,C) are

obtained as the intersection of sp(n,C) with the nilpotent orbits of sl(2n,C). Thus
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studying the Jordan forms of elements shows that the image splits as a disjoint
union of two orbits, one is the highest root orbit of sp(n,C) and the other is an

orbit of sp(n, C) of dimension 8n — 4.

On the level of quaternionic Kdhler manifolds, the Zs-action is the action of j
on Gry(C?"), where C2" =2 H"; so the fixed point set is HIP(n—1) and the incomplete

manifold obtained is Gra(C?") \ HP(n — 1)/ Z,.

ii) The Lie algebra of so(q) is A2CY, so there is map from so(q + 1) to so0(q)

induced by projection. In particular,

0 O 0 1 =

0O 0 ... 0 1
0 O 0 — 1

0 O 0 —

—

-1 2 0 0 O

-1 ¢ ... 0 O
- —1 0 0 0

The first matrix is an element of the highest root orbit of s0(g+1) and its image is a
nilpotent matrix in s0(q¢) which lies in an orbit of dimension 4¢ —8 (using the results
of Springer & Steinberg, 1970). Away from the highest root orbit of so(g) this map
has kernel Z;. The quaternionic manifold obtained is Gryg(R4T1)\ Gry(RY) / Zs,
where Zo acts on RI™1 = RY @ R as (1,—1). Note that the nilpotent elements
obtained are those which may be written in the form a A b, with g(a,a) = 0 =
g(a,b), since the highest root orbit of so(q + 1,C) consists of elements ¢ A d, with
g(c,¢) = g(d,d) = 0 = g(c, d). D

Our final model for a quaternionic Kéhler 8-manifold is the regular orbit
of SU(3). Now su(3) is a subalgebra of go: let (0,1) be the highest root of g5

and suppose (1,0) is a short root such that the long roots of go are +(0,1), (3, 2),
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+(3,1), and the short roots are £(1,0), £(1,1), £(2,1); then su(3,C) is the subal-
gebra generated by the long roots. The Lie algebra g5 decomposes under the action
of SU(3) as

g5 = su(3,C) @ AMC3 @ AICE.

The space G2/ SU(3) is 3-symmetric; the symmetry o comes from the centre Zs

of SU(3) and acts on this decomposition of g5 as (1,e27/3, ¢=27/3),

The projec-
tion of the highest root orbit of g5 contains elements of both the nilpotent orbits
of su(3,C) and so counting dimensions, the image must be the whole nilpotent va-
riety of su(3,C). To show that both orbits meet the image, we argue as follows. We
have a subgroup SO(4) = Sp(1)4+ Sp(1)- of G2 and Salamon (1987) shows that the

Lie algebra g5 decomposes under SO(4) as

g5 =SV, @ S*V_a V,.S3V_.

If we take sp(1)4 to be the span of E 1y, H(,1), E_(0,1), Where H,, Ey is a Cartan
basis for g5, then sp(1)_ is spanned by E2,1y, H2,1), E_(2,1) and the remaining roots

span V. S3V_. Now, for definiteness, identify E,1) and E(3 1) with the matrices
0 1 0 0 0 0 0 0 1

0 0 Ofand [0 0 1 |. This gives [Eq,1),E3,1)] = Ege is [0 0 0

0 0 0 0 0 0 0 0 0
and so E( 1) + E(3,2) is a highest root vector of su(3) and hence of g. Consider

the orbit of this element under Sp(1)_. The first component lies in sp(1)4 so it is
Sp(1)_-invariant. The other component lies in the Sp(1)_-module S?V_ spanned
by E,2), E1,1), E(~1,0, E(~3,—1). In particular, there is an element in the Sp(1)_-
orbit of Eg 1) + E(3,2) which projects to F 1) + aE(32) + bE_3 _1) with both a
and b non-zero. Now this element lies in the regular orbit of su(3,C) and is the

projection of a highest root element of g5, as required.
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Quaternionically, we obtain the following. Let 1,4, 7, k, e, ie, je, ke be a basis
of O, then the Wolf space G2/ SO(4) is the space of quaternionic lines in Q. The
action of o € Z3 on @ is by right multiplication by e*>7¢/3 = —% + %ge. This is an

element of (G5, since

The fixed point set of o consists of those quaternionic lines which are spanned by

1, e and a complex line in C3 = (4, j, k, ie, je, ke), which is isomorphic to CP(2).

Proposition 4.4.2. There is an open set in the highest root orbit of g5
which is a three-fold cover of the regular orbit in su(3, C). The quaternionic

Kéhler manifold associated to this su(3)-orbit is G2 \ CP(2)/ Zs. O

Thus we have the following models for eight-manifolds:

HP(2),  Gra(CY), 35(24) . U(CP(2)),
HP(2) \3HP(1)  Gr(CH\HP(1) Gu/SO(4)\CP(2)
Zo X Lo ’ Zio 73 .

These are exactly the models for quaternionic Kéahler 8-manifolds with positive
scalar curvature obtained by Poon & Salamon (1989), who showed that the only

such complete 8-manifolds are the Wolf spaces.

Higher-dimensional Quotients. The hyperKéahler quotients of HP(n — 1) by

U(1) and Sp(1) described by Galicki may be understood in terms of Lie algebras
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as follows. The normaliser of U(1) in Sp(n) is U(n). Let v be an element of H".

Corresponding to H" = AM0C” @ A%1C" = C" ¢ Cn, write v = a + b. Now
sp(n,C) = S2C*" = u(n,C) dm = A @ (520 ¢ §%2),
and, correspondingly, we have
v? =a®b+ (a® +b?).

The orbit of a ® b € gl(n,C) = u(n,C) is 4(n — 1)-dimensional and these orbits
are parameterised by Tr(a ® b) = g(a,b). So the image of v — a ® b is (4n —
2)-dimensional. Restricting to nilpotent elements in the image is equivalent to
imposing the condition g(a,b) = 0 and we obtain the highest root orbit of su(n,C) C
u(n,C). Thus, g(a,b), which is the component of v? in u(1,C) C u(n,C), gives the
complex moment map. Similarly, the normaliser of Sp(1) in Sp(n) is SO(n). The

Lie algebra splits as
sp(n) = s0(n, C) & sp(1,C) ® (STR +R)

and the projection to sp(1,C) gives the complex moment map. This enables us to
give another description of the orbit of so(q, C) discussed above. Consider CI72 =
C? + C?. Then, as before, the map from the highest root orbit of so(q + 2,C)
to so0(q,C) induced by projection onto C?, contains the highest root orbit and an
orbit of dimension 4g—8. A typical element of the highest root orbit of s0(¢+2, C) is
aAb = (aq,a2) A (bg,b2), where g(a,a) = g(b,b) = 0 = g(a,b). Regarding projection
to A2C? = 50(2,C) as a complex moment map for the action of U(1) = SO(2), any
zero of this map in the highest root orbit may be put in the form (aq,az) A (by,0)
and so the U(1)-quotient consists precisely of the two orbits above. Thus, the
quaternionic Kéhler quotient of Gry (R%%2) by U(1) acting on the R?-factor as SO(2)

is Gra(RTT1)/Zs.
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The Algebra go. One might hope to describe the 16-dimensional orbit of g5 in
terms of the highest root orbit of s0(7). Recall that SO(8)/G2 is a 3-symmetric

space. Let 11, ...,14 be a set of simple roots for so0(8).

Y1 P2 s
U

Let hy,, ex be the corresponding Weyl basis for so(8,C). The description of the

inclusion of g in s0(7) given by Gray & Wolf (1968) is as follows. Define

(4 = €4y + €dypy T €4y,
bt = €x(py+epn) T €£(pstupn) T Ex(pstpn)

Ct = €t (ghy+epg+iha) T Ck(hgtehatipa) T Ct(atipr+iha)

27i/3

and if « = a1 +as+asg, lete =e o = ajteag+e?asg and o = a1+ +teas.

Then

C
05 = (hyy + hypy + hpys Bpy s €4py s € (41 fapa s +40a) » € (w01 42050+ tb ey ) s Bk s Dy C )

Also, if we define

92(5) = <h¢1 +€2h¢3 + 5h¢4’a/j/:v /j/:7clj/:>

92(52) = <h’¢ﬂ1 +€h’¢}3 +52h¢4?alj:7 /jzvclj:>

then

50(8) = g2 ® g2(e) B g2(c?),
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and

50(7) = go ®R7,

where

RT = <%(h’¢3 + hq/)4); \/Li(ei’t/}s + e:|2¢4)7

75 (Et(isa) F € ata))s 75 (Chr+atvn) T E(uraintasa))-
The inclusion go < s0(7) induces a projection s0(7) — go via the dual map and the
Killing forms. Levasseur & Smith (1988) show that the image of highest root orbit
contains the orbit of short roots (which contains e, ), which is the 16 dimensional
orbit we are interested in, and that this map is a bijection on the closures of these
orbits. They also show that the 20-dimensional orbit arises in the image of the

highest root orbit of s0(8).

The above links between nilpotent orbits in low dimensions are summarised in

Diagram 1.

Singularities in the Nilpotent Variety. The nilpotent orbits of a simple Lie
algebra g* may be partially ordered by O; < O if and only if O; C O,. Diagrams
showing this partial order for the exceptional groups and for some of the smaller
classical groups may be found in Carter (1985). The nilpotent variety of g© contains
a unique open dense orbit, the regular orbit, and a unique orbit of codimension 4,
the subregular orbit. If p and p’ are homomorphisms su(2) — g corresponding to
the regular and subregular orbits respectively, then Slodowy (1980) defines a slice S

transverse to the subregular orbit by taking S to be the intersection of S(p’) with

0 0

0 1
the nilpotent variety. Here S(p') = p/ ( ) + 30 ( ), where 3 denotes the
0 0 0

1

centraliser in g¢. The transverse slice S is biholomorphic to C2/T', where T is a

finite subgroup of SU(2) (that is, T is either cyclic, dihedral of order 4r for some r,
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Diagram 1
HyperKahler Quotients of Small Nilpotent Orbits

Arrows are labelled by the group and the quotient is the closure of the indicated orbit.
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binary tetrahedral, binary octahedral or binary icosahedral). This was conjectured
by Grothendieck and proved by Brieskorn (1970). Kronheimer (1988) shows that
this slice is actually hypercomplex. This result was extended by Kraft & Procesi

(1982) in the case of classical groups.

Proposition 4.4.3. If g is a classical simple Lie algebra, then for a min-
imal degeneration (that is, if the two orbits considered are adjacent in the
partial order) the singularity obtained is either of the form described above
(i.e. C2/T'), or two copies of C?/Zy, for some k, or the transverse slice is
smoothly equivalent to a highest root orbit for some simple, complex Lie

algebra. O

This result was also proved in the case of Gy by Kraft (1988) and indicates

that a quaternionic description of these singularities should be possible.

Bundles Over Real Orbits. The second section of this chapter gives an explicit
description of the normal bundle of G/N(Sp(1)) in the quaternionic Kéhler mani-
fold associated to the corresponding nilpotent orbit. One could try and construct
quaternionic Kahler metrics on these bundles, perhaps using the type of techniques
seen in Chapter 2. For the regular orbit in su(3), the bundle is S? and the tangent
space of this bundle splits as S* + S? under the action of Sp(1). The closure of
this bundle in F contains the Wolf space CP(2) and we have already seen that
adding this space to a triple cover of the bundle gives the quaternionic Kéahler

manifold G2/ SO(4).

Similarly, the orbit of short roots in g5 is a bundle over G5/ SO(4) whose
tangent space splits as 252 + 251, This time the closure contains another copy
of G2/ SO(4) (this comes from the orbit of the long roots) and the completed mani-

fold is Grs(R7). Regarding this manifold as Grs(R”), it is natural to conjecture that
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\/Liw coincides with the standard Gy-calibration on Grs(R7) (see the discussion of
exceptional geometries in the next chapter for the definition of this calibration). The
two copies of G2/ SO(4) would then consist of the associative and anti-associative
3-planes in R” = Im O.

One might hope to use this type of procedure to construct other complete
quaternionic Kahler manifolds which may not be Wolf spaces. For example, we
have not yet given a description of the quaternionic Kahler manifold associated to
the regular orbit of sp(2,C). This is the bundle S* over SO(5)/SO(3) and the
closure is obtained by adjoining Gra(C*)/Zsy. It is natural to ask whether there
is a complete 12-dimensional quaternionic Kahler manifold with an open subset

covering this manifold.



Chapter 5
DIFFERENTIAL FORMS

This chapter is more in the nature of an appendix. The main purpose is
to show that a quaternion-Hermitian manifold, of dimension at least 12, with a
closed fundamental 4-form is quaternionic Kéhler. (This result was announced in
Swann, 1989.) The proof uses various techniques from representation theory which
are discussed in the first section of this chapter whilst decomposing part of the
exterior algebra of a quaternion-Hermitian manifold. Any notions not defined there
may be found in Brocker & tom Dieck (1985). The main result is then proved in
the second section and the last section is devoted to discussion of related topics in

exceptional Riemannian geometry.
5.1 Representation Theory and Exterior Algebras

Recall that a quaternion-Hermitian manifold M is a 4n-manifold with structure
group Sp(n) Sp(1). As remarked in Chapter 2, we may associate a bundle over M
to each representation of Sp(n) Sp(1). In particular, ¢ M is the bundle EQ H, where
E and H are the basic representations of Sp(n) and Sp(1), respectively, described
in Chapter 2. Now Sp(n)Sp(1) is a subgroup of SO(4n), in fact, Gray (1969)
shows that it is a maximal subgroup if n > 1 (if n = 1, then Sp(1)Sp(l) =
SO(4)). Thus, by restriction, any SO(4n)-module decomposes as a direct sum
of irreducible Sp(n) Sp(1)-modules. In particular, AZT*M decomposes under the
action of Sp(n) Sp(1). The Sp(n) Sp(1)-modules are the Sp(n) x Sp(1)-modules in

108
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which (—1, —1)-acts as the identity. Any irreducible Sp(n) x Sp(1)-module is just
a tensor product of an irreducible Sp(n)-module and an irreducible Sp(1)-module.
The irreducible representations of Sp(1) = SU(2) are the symmetric powers S"H of
the basic Sp(1)-module H.

The irreducible Sp(n)-modules are determined by their dominant weights A =
(A,...,An), where \; are positive integers with Ay > Ay > -+ > A, (see Brocker
& tom Dieck, 1985). We write V() for the irreducible Sp(n)-module of dominant

weight (...). In particular, we have

V(TO,..) o~ ST‘E,

V(l...lO...) o~ ASE,

where (1...10...) has r ones and A{E is the Sp(n)-invariant complement to the
subspace {w}A"2FE of A"E, where w is the symplectic form preserved by Sp(n).
We will also write K for V(219-+) which is a submodule of F ® MEXK®E.

The Weyl group W of Sp(n) is Z21S,, and this acts on weights A by permuting
entries and flipping signs of entries. The weights of Sp(n) can be partially ordered
as follows: for each weight + there is an element w of W such that A = w~ has
entries \; satisfying Ay > Ao > --- > A, > 0; now v < ' if for the corresponding A
and X" we have A\; < A} for all i. To calculate the character of the Sp(n)-module of

dominant weight A we use the following result.

Proposition 5.1.1. (Kostant) Let W be an irreducible representation of
a compact Lie group G with dominant weight A and suppose X' < \. Then

the multiplicity m(\', X) of X' as a weight of W is given by

mXN, ) =— Y det(w) m(\N + o —w(e),\),
weW\{1}
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where o is half the sum of the positive roots. O

For Sp(n) the element g is (n,n—1,...,1). The results of some of these calculations

will be given in Table 2.

Theorem 5.1.2. On a quaternion-Hermitian manifold M of dimension 4n

we have

M 2 E® H,

AZT*M = AJE @ S°H + S*H + S°E.
If M has dimension at least 8, then

AT*M = (ASE+ E)® S°H + (VP + E)® H,
AET*M = (ASE + AZE +R) @ S*H + (VY 4 S?F + A2E) © S*H

+VE) L AZE LR

Also,

( (AJE +A3E + F)® S°H

AST*M = +(VE) L v@) L BE+EY® H if dim M > 12,

| E@SPH+ (VY +E)Y® H if dim M = 8.

(Here any module of length greater than n is to be regarded as the zero-

module {0} and R denotes C together with a real structure.)

PROOF. The decompositions upto A* have been given by Salamon (1989), so we

will concentrate on the decomposition of A°.
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We will take n > 5 to avoid special cases, but the results of the corresponding
calculations in those other cases will be included in Table 2.

We compute with characters. During this proof, m runs over {1,2,...,n} and
a, B,7,0,€ run over {+1,£2,...,4+n}. Let t = diag(e®®, ... e e~  e7in)
t' = diag(e”, e~%) be diagonal matrices representing typical elements of the maxi-
mal tori of Sp(n) and Sp(1) respectively. Let xy denote the character of V. Then

xXarrp(t® t) = g, (eFi0mEit)

Y

where o0, is the pth elementary symmetric polynomial (see Adams, 1967). This

immediately gives the decomposition of Bonan (1982)

(M = ANES'He ) VIS *H,

1<a<[3]

where V[ is are Sp(n)-modules. In particular, this gives

AZT*M = N°ES°H + V1S°H + Vo H.

If we write 0_, = —0,, then explicitly we have
XA5T*M(t®t/) — Z €i(0°‘+95+07+96+96)
C
a<f<y<6<e

% {652'9+e—5i9+5(63i6)+e—3i0)+10(ei9+6—i0>}

4 Z o#(205+0,+05+0.) {63i9+6—3i9+3(6i9+6—i9)}
Y<o<e
v,0,e£B

+ Z (205420, +0.) {eie +ef¢9}'

B<y
ByyF#e
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The character of S"H is xsru(t) = Z “r=27)0 5o

atet)y= Y e@athroato g N i0at 040, 40540
1

SDY: a<f<y<i<e

v,8,e£B
XVy (t ® t/) = Z ei(295+29’y+95) + 2 Z 6i(205+0,y+95+9€)

By y<5<e

Brye v,0,e£8

+5 Z 1 (0at+05+0,+05+0.)
a<f<y<i<e

We introduce the following notation

) _ Z ei(:l:a19a1:ta29a2:ta39a3:|:~~~)‘

a1,x2,a3,... distinct
aj<ay if aj=ar and j<k

(a1agas ...

The multiplicities with which (a; az as ...) occur in the above expressions for yy;
are the multiplicities with which the weight (a1, as,as,...,0,...,0) occurs in the

modules V;. Rearranging those expressions gives

, 1
Z et (0at05+0,405+0.) _ (11111) + (n — 3) (111) + §(n — 1)(n — 2) (1)
a<f<y<o<e

> i@t t0s0) — (2111) 4+ 3 (111) + (n — 2) (21) + (n — 1) (1)

y<d<e
v,0,e£B

D elP0st0H0) = (221) 4 (21) + (n — 1) (1).

B<y
BiyFe

So we obtain the multiplicities given in Table 2 and the decompositions claimed

above. O
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Weight
(221) (2111) (11111)  (21) (111) (1)
Vi |n>5 1 4 n—2 dn —9 (n—1)(2n — 3)
n=4 1 2 7 15
n= 1 3 6
n=2 1
Vo |n>5| 1 2 5 2n—3 5n —9 1(n—1)(5n —4)
n=4| 1 2 5 11 24
n= 1 3 6 11
n= 1 3
v in>5] 1 2 5  2(n—2) 5n — 12 S(n—1)(n—2)
n=4| 1 2 4 8 15
n = 1 2 3 5
VeI Iy > 5 1 4 n—3 4(n — 3) 2(n —3)(n — 1)
n =4 1 1 4 5
K |n>3 1 2 2(n—1)
n=2 1 2
AE |n>3 1 n—2
E |[n>1 1
Table 2.

Multiplicities of weights in Sp(n)-representations.

If M is a quaternion-Hermitian 8-manifold then the Hodge x-operator splits

AéT*M into its +1-eigenspaces A%. These decompose as

AL 2R+ S'H + AZE @ S*H + V32,

A = A3E + S°E ® S°H.
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5.2 The Fundamental 4-Form

For a quaternion-Hermitian manifold M*4™ (n > 1), SO(4n) acts on the fundamental
4-form  with stabiliser the maximal subgroup Sp(n) Sp(1). Differentiation gives a
map s0(4n) — A* whose kernel is sp(n) @ sp(1). We thus have an inclusion of the

orthogonal complement of sp(n) @ sp(1) in so(4n),

(sp(n) @ sp(1))T=e @y AYT*M.

Proposition 5.2.1. If V is the Levi-Civita connection and X € T, M,

then

VxQ € (sp(n) ®sp(1))" = AZES?H.

PROOF. Let V be an Sp(n) Sp(1)-connection, not necessarily torsion-free. If we
let £x = Vx — @X, then £x is a tensor which is zero on functions and such that
ExQ = VxQ. But £x is in s0(4n), since the holonomy group of M is a subgroup
of SO(4n), so Vx lies in (sp(n) & sp(1))".

Now

so(4n) = A*T*M = S°FE @ S*H & A2ES*H

= sp(n) © sp(1) ® AGES’H.

So (sp(n) ®sp(1))" = AZES?H. O

From this it follows that VQ € T* @ AZES?H.
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Proposition 5.2.2. On a quaternion-Hermitian manifold of dimension at

least 8,

VQ e (K+AE+E)® (S°H + H).

(On an 8-manifold, A3E = {0}.) O

Notice that each of these six terms appears in the decomposition of AST*M
when dim M > 12, but that KS3H is absent from this decomposition for an 8-

manifold.

Since V is the Levi-Civita connection, df) = aV(), where a is the alternation
map T* ® A*T* — A°T*. Now, by Schur’s Lemma, when dim M > 12, to show
that d€) determines V(2 it is sufficient to check that a is non-zero on each of the six

components above.

Theorem 5.2.3. If M is a quaternion-Hermitian manifold of dimension
at least 12, then df2 determines V(). In particular, d§2 = 0 implies V{2 = 0

and that M is quaternionic Kahler.

Proor. Let ey,...,e,,€1,...,€6, be a basis for F, h,iL a basis of H such that

¢; = je; and h = jh. Consider

n n
19 = 61h VAN egh N Z 6Z'iL VAN éZiL - eliL N egiL VAN Z eih A élh

n
The symplectic form on E is given by > e;€; — €;¢;, so contracting with the sym-
i=1

plectic form on the E-components of the third and fourth terms gives

e1 A ea(hhhh — hhhh) € AZE @ A2S*H = AZES°H.
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So a1z € A2ES?H. Now
a(egh ® Oé12) = (636162 — egegel)hﬁh + (626361 — elegeg)ﬁhh +eip ANeg A eghhil

having applied the contraction above and contracting the third and fifth H-com-
ponents. But this has non-zero components in KS*H, KH, A3ES3H and AJEH.

To get components in E(S3H + H), consider

1=

a(z élh X Z Oéjg) s
1 7j=1

where «s is defined in the same way as a2, but with e; replaced by e;.

Thus a is non-zero on all six components, as required. U

Because all the representations above were complex we see that the above

theorem also holds for pseudo-quaternion-Hermitian manifolds.

Corollary 5.2.4. If M is a pseudo-quaternion-Hermitian manifold of di-

mension at least 12, then df) determines V). U

A natural question after the above results is whether there are any complete
8-dimensional (pseudo-) quaternion-Hermitian manifolds for which d$2 vanishes but
VQ is non-zero. These conditions imply that VQ lies in KS3H. This question
has an analogue in symplectic geometry where one looks for manifolds which are
symplectic but not Kéahler. Compact examples of such symplectic manifolds were
first obtained by Thurston (1976) whose methods were generalised by Cordero et
al. (1985a, b, 1986) and by Fernandez & Gray (1985). Simply-connected examples
have been produced by McDuff (1984).

The decomposition of V(2 in Proposition 5.2.2 can be used to study various

types of quaternion-Hermitian manifolds. For example, the components of V{2 in
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(K + A}F) ® (SH + H) vanish if and only if the algebraic ideal generated by
the subbundle G of A2T*M is a differential ideal. This is because the covariant

derivative of a section a of G lies in

CAT*M = ES°H® EH

modulo terms arising from V() ® a. Combining this with the theorem above we

have.

Proposition 5.2.5. A pseudo-quaternion-Hermitian 8-manifold is pseudo-
quaternionic Kahler if and only if the fundamental 4-form is closed and

the algebraic ideal generated by G is a differential ideal. O

Note that the discussion in Chapter 2 gives examples of complete quaternion-
Hermitian metrics (on H) for which the differential ideal condition is satisfied but
which are not quaternionic Kéhler. A variation of the above argument shows that
the components of V() involving S3H all vanish if and only if M is quaternionic in
the sense defined in Chapter 1. The metrics of Chapter 2 satisfying the differential
ideal condition, all lie in the same quaternionic structure and so have V() in the

module FH.

5.3 Relationship to Exceptional Geometries

From the point of view of holonomy classification there are two exceptional Rie-
mannian geometries which occur on non-homogeneous manifolds. The first of these
has holonomy in G5 C SO(7). Let e!,...,e” be an orthonormal dual basis for R”.

The group G» is then characterised as the stabiliser in GL(7,R) of the 3-form

Y= ele?e® — e3eted + eledel — ete?el + elete” —e2ede” + eSebe’.
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The other group that occurs is Spin(7) C SO(8). Again this is may be charac-
terised as follows: if we extend the dual basis e’ to R® then Spin(7) is the stabiliser

in GL(8,R) of the 4-form

'g[):61626568—63€4€5€8+€1€3€668—646266€8+616467€8—62636768+65€66768

+ ete?edet — eleebe” + e3etebe” —elede’e? -+ ete?e’ed® — eleteded + e2e3edeb

:go/\es—i—*7g0.

For comparison, the form preserved by Sp(2) is

D=wrANwr+wjANwy~+wg \wg

= 3(61626364-‘1- 65666768) + ete?e’el 4 ele?ele® + edete®ed + ePete’e® +eledede”

+ 61636866 + 64626567 + 64626866 + 61646568 + 61646667 + 62636568 + 62636667.

If the sign in front of wx A wk is changed, then the new 4-form obtained is ¢ but
with e® = e” = €8 5 €5 5 et 5 €3 > €2 — el — —e8. This fact was first observed

by Bryant & Harvey (1989) and reflects the inclusion Sp(2) C Spin(7).

The forms ¢, ¥ and () are non-degenerate in the sense that they cannot be
written as a smaller sum of indecomposables than the expressions above. Thus,
7 indecomposable 3-forms are required for ¢ and 14 indecomposable 4-forms are
required for ¢ and €). In fact, they are maximally non-degenerate, in that no other
forms of the same degree can require more indecomposable summands. This can be
shown as follows. Let M (r,n) be an upper bound for the number of indecomposables

required for an element of A"R™. If o € A"R™ and e! € A'R" then, upto constants,

a=ce' A(elua) +e'a(er A a).
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So M(r,n) < M(r—1,n—1)+M(n—r—1,n—1), since (e’ Na) € A""""IR" 1,
Also, by Hodge *-duality, M (r,n) = M(n — r,n). Putting M (0,n) = M(1,n) =1

and M (2,n) = [2] we obtain the following bounds

Tt = W
—_ =
—_ =
[N V]
N =
—_ =

6 11 3 4 3
7 11 3 7 7
8 1 1 4 10 14

as claimed.

Classification of manifolds with structure group either G or Spin(7) has been
carried out by Ferndndez (1986) and Ferndndez & Gray (1982). Various metrics with
exceptional holonomy have been produced by Bryant (1984, 1987), Salamon (1987)
and Bryant & Salamon (1989). We can reproduce one of their Spin(7) metrics using
the techniques of Chapter 2. Recall that in the proof of the existence of quaternionic

Kahler manifolds we derived the equations for closure of the 4-form
E=AlaNarhaAa)+BlaAahz@ AT+ 20N 02 ANana)+Cri@AONONG).
We showed that this was closed if and only if

—%A+%B+R:O
T r
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and

2 2
B+ C+C =0
r r
If we put A = f2, B = 3fg and C = g? then = is the type of 4-form defining a

Spin(7)-structure. Bryant now tells us that if we show = is closed then we have a

metric with holonomy in Spin(7).

Theorem 5.3.1. The bundle H/Zs over a self-dual Einstein 4-manifold

carries a metric of holonomy Spin(7) with 4-form

2
(r?)=8/5 <—2§C2 pr2+q) (ananana)

3q
- g(pr2 +q)

Y35 na bt AOT + 2Bt A BT A a A @)

6/5
+ (pr? + q)%

(20" A Oz A 26" A 9:1:)) :

There is a similar result that shows that the holonomy is contained in G5 if
dp = 0 = d*¢, which is used to construct metrics with holonomy G on A% of a
self-dual Einstein 4-manifold.

A common feature of the metrics obtained via these bundle constructions is
that they admit an R-action. Let the closed differential form associated to the
geometry in question be a. Then if X is the vector field generated by this action,

we have Lxa = «. This implies
a=Lyxa=X.da+d(Xia)=dX.a),
and so « is exact.

The 4-form %Q on a quaternionic Kihler manifold M*" is a example of a

calibration, that is, for any oriented orthonormal set eq,...,eq of T, M we have
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12Q(e1, e2,e3,e4)| < 1 (see Harvey & Lawson, 1982, and Harvey, 1989). Dadok et
al. (1988) have classified all self-dual, constant coefficient calibrations on R® and a
natural question that arises is which submanifolds they determine. Submanifolds
of quaternionic Kéhler manifolds are rare; Gray (1969) showed that a quaternionic
submanifold of any quaternionic Kahler manifold is necessarily totally geodesic.
However, one can look for submanifolds M of a quaternionic Kéhler manifold for
which the pull-back of the fundamental 4-form has the correct algebraic type (at
least if dim M > 12). For example, the existence of such quaternionic Kéhler
deformations (M, ;) of a flat subspace My = H"™ of H™ can in principle be tackled

by Cartan-Kéahler theory. Observe that in the decomposition
AMT*M =R @ AZES’H @ AJE @ S*ES*H ¢ W,
the first four summands constitute the gl(4n,R)-orbit of €2, so the first order equa-

tions of deformation are determined by the condition that 0= %| +—o have zero

component in W.
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