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HoroNoMy TORUS QUOTIENTS REALISATION

RICCI-FLAT SPECIAL HOLONOMY

The Berger holonomy classification 1955...., has only the following
non-trivial irreducible Ricci-flat geometries

Name Group Dimension Form degrees
Calabi-Yau SU(n) 2n 2,n,n
HyperKéhler Sp(n) 4n 2,2,2
G; holonomy Ga 7 3,4
Spin(7) holonomy  Spin(7) 8 4

In the presence of symmetries, moment map techniques from
symplectic geometry may be used if there is a closed form of
degree 2, yielding many examples.
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HoroNoMy TORUS QUOTIENTS REALISATION

SYMPLECTIC CONSTRUCTIONS

Toric CALABI-YAU

Include symplectic quotients of CN by subtori of TN whose weights
sum to zero.

C*// diag(e'?, €%, e, ¢71%) = (6(~1) ® G(~1) — CP(1))

HYPERTORIC MANIFOLDS

Include hyperKihler quotients of HY by subtori of TN.

T*CP(n) = H™ ///e1 1
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HoroNoMy TORUS QUOTIENTS REALISATION

OTHER CONSTRUCTIONS

On the other hand there are complete special holonomy metrics not
obtained in such a way. These include the first complete examples
found by Bryant and Salamon (1989)

M’ A%(SY)  A%(CP?) $3 x R4
Isom, Sp(2) SU(3)  SU(2) x SU(2) x U(1)
rank(Isom) 2 2 3

for G, and the Spin-bundle of $*, Isomy = SO(5) X U(1) of rank 3,
for Spin(7).

Am

Exploit forms of higher degree in such cases

Note: on compact manifolds, Ricci-flat implies that Killing vector
fields are parallel and so the holonomy reduces. We will thus be

interested in the non-compact situation.
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Horonomy ToRUS QUOTIENTS REALISATION

MuLrTI-HAMILTONIAN TORUS ACTIONS

(M, @) a manifold with a closed a € QP(M) preserved by G = T" is
multi-Hamiltonian if it there is a G-invariant
vi M — APl gt = RV,
d(V,Xl AN /\Xp_1> = OC(Xl, e ,Xp_l, )
forall X; € g.

® For p = 2 this is an ordinary symplectic moment map.
® vyinvariant <= « pulls-back to 0 on each T"-orbit
® b)(M) =0 = each T"-action preserving « is
multi-Hamiltonian
More generally, we can consider several closed invariant forms
aj € QPk(M) with multi-moment maps v and consider their product

m
v=(. V) M > @Apk—lg*
k=1
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Horonomy ToRUS QUOTIENTS REALISATION

An interesting case is when

v:M— RN

is of full rank on the part My of M where G = T" acts freely, and

N = dim(My/G).

Then v locally exhibits M, as a principal T"-bundle over U ¢ RN,

Geometry dimM dega G

Symplectic/Kéhler 2n 2 ™
Calabi-Yau 2n (2,n,n) T"!

HyperKahler 4n (2,2,2) T

G, 7 (3,4) T3

Spin(7) 8 4 T4
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HoroNnomy ToRUS QUOTIENTS REALISATION FLAaT GENERAL

FLAT MODELS

The flat symplectic/Kahler model is
[ ] M = Cn

n . n . n
i _ i
° azw:dek/\dykzEZdzk/\dszEZdzkE
k=1 k=1 k=1
e G=T"= {diag(eial, .. .,ew")}
® v=p= (U1, Hn)
— llz |2
He = 5 1%k

We have
p(C") = [0, 0)"

and y induces a homeomorphism
Cﬂ/Tﬂ — [O, Oo)n

But the latter is a manifold with corners.
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HoroNnomy ToRUS QUOTIENTS REALISATION FLAaT GENERAL

FLAT MODELS, CONTINUED

For G, the flat model is
e M =S'x¢C3
° o= (¢ xp)

= %dX(dZﬁ + dZZE + dZ3§) + Re(d2123)

1
x@ = Im(dzp3)dx — g(dzﬁ +dz,; + d23§)2

e G=T3=8'xT?=5"x ~{d1ag(e‘91 elf2 ¢i0s) | 0, +60,+05 = O}
For Calabi-Yau the flat model is
[ ] M = Cn
i n
) a:(W,ReQ,ImQ), w = Ekz_;dzkk, Q =d212___n
® G =T"! = diagonal unitary matrices of determinant 1
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HoroNnomy ToRUS QUOTIENTS REALISATION FLAaT GENERAL

ORBIT SPACES

For the G, case
M/G = (§' x C*)/(S' x T?) = C*/T? = cone(S)/T* = cone(S° /T?)
And for the Calabi-Yau case

M/G =C"/T" ! = cone(S*" 1 /T"™)

n-1
SZn—l — {(rleitl, o rn—leitnil) e > OVk’ Z r]% = 1}
k=1
Each T !-orbit contains an element with t; = t, = --- = t,_; and

that element is unique modulo 27 /n unless some ry. is zero.
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Horonomy ToRUS QUOTIENTS REALISATION FLAaT GENERAL

Thus $2"~1/T""! projects on to

n—1
re = 0, r,2< 1} = A" =gt
k=1

2 2
{(rl, s Thly)

with fibres cirles over the interior, and points over the boundary.
It follows that $?*~1/T"~1 is homeomorphic to

{(z, x) e CxR"! | |22 + ||x]|* = 1} =S"
and M/G = C"/T™! is homeomorphic to

cone(S") = R™*!
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HoroNnomy ToRUS QUOTIENTS REALISATION FLar GENERAL

THEOREM

For all the multi-Hamiltonian geometries considered the torus actions
has the property that every stabiliser is a connected subtorus.

Local models around any special orbit with stabiliser T* are given

by (T* x RK) x V where V is a flat model.

For example, in the Calabi-Yau case suppose dim Stabzx-1(p) = k.
Then there are n — 1 — k directions Uy, . . ., U,_1—k tangent to the orbit
through p. But w pulls-back to 0 on the orbit, so the Uj; are linearly
independent over C. Now Stabgs-1(p) is an Abelian group acting on
T,M = C" as a subgroup of SU(n) and fixing a C" =¥ pointwise, so
a subgroup of SU(k + 1). But this forces it to be a maximal torus.

COROLLARY

For the Calabi-Yau, hyperKdihler, G, and Spin(7) cases, M/G is
homeomorphic to a smooth manifold.

via exp,,: T,M — M
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Horonomy TorRUS QUOTIENTS REALISATION FLAT GENERAL

MULTI-MOMENT MAPS FOR G

For G, the flat model is
* M=S'xC3 a=(px*p)

i
Q= de(dzﬁ + dZZE + dZ3§) + RE(d2123)

1
x@ = Im(dzp3)dx — g(dzﬁ +dz,; + dz3§)2

® G =T°=S' X T? generators
0 . 0 0
U = —, Uy :2Re(1(zk——23—)), k=23
0z 0z3
* v = (v, V23 1)
dvi = (p(ljj’ Uk’ ) (l]k) = (123)’ dVO = *(P(Ul’ UZ’ U3’ )

vo +iv = —izizezs,  2v2 = |zt — |z)% 2vs = |zs] - |z )
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Horonomy TorRUS QUOTIENTS REALISATION FLAT GENERAL

BEHAVIOUR OF FLAT MODEL

ProrosiTioN
In the G, flat model, v: M = S! x C* — R*

Vo +ivy = —iz12p73,  2vp = |z2|? — |zsl?, 2vs = |zs) - |z |?
induces a homeomorphism M/G = C3/T? — R*.

This also applies to the Spin(7)-case. Similar results hold in the
hyperKéhler and Calabi-Yau cases.

Main point: for ¢ = |z3/%, ¢ = V2 + V2,
satisfies f(t) == t(t — 2v3)(t + 2vp) = ¢
with each factor > 0.

(t,v) ¥ v is a continuous bijection
R*=C3/T? >R’ > R% soa
homeomorphism, by Brouwer’s

invariance of domain.
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Horonomy TorRUS QUOTIENTS REALISATION FLar GENERAL

GENERAL QUOTIENTS VIA MULTI-MOMENT MAPS

THEOREM

For multi-Hamiltonian G,, Spin(7) and hyperKdhler cases the
multi-moment map v induces local homeomorphisms

M/G — RN

Also know it holds for Calabi-Yau cases when n < 3.
Ingredients in proof

properties of commuting Killing vectors at zeros
high-order approximation by the flat model

local understanding of image sets of singular locus
local injectivity argument at a point

topological degree argument combined with deformation to flat
model
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Horonomy TorRUS QUOTIENTS REALISATION FrLaT GENERAL

CoMMUTING KILLING VECTOR FIELDS

X Killing implies

® VX is a skew-symmetric endomorphism of TM

o VZ"BX = —Rx. B
So X, = 0 implies (V2X),, = 0 and (V*X), = —(R 0 VX),.
If X, Y are Killing, commute and X, = 0, then

® VX and VY commute at p.

G, case, with Stabps(p) = T?, LM=Re C3. Can choose our
generators so that U,, Us are zero at p with covariant derivatives

(VUy), = diag(i, 0, =i), (VUs), = diag(0, i, —i).

Let U be any generator that is non-zero at p. Then VU € g, and VU
commutes with VU;, i = 1, 2. But rank g, = 2, so can adjust U to get
at p U; unit length in R and VU; = 0.
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Horonomy TorRUS QUOTIENTS REALISATION FrLaT GENERAL

HiGH-ORDER APPROXIMATION

G case, Stabys(p) = T%. At p, can ensure ¢ and *¢ agree with the flat
model,
Uz =0= U3, VU1 = 0, V2U2 =0= V2U3

and Ui, VU,, VU; agree with the flat model.
Now dv; = o(Uj, Uy, -), (ijk) = (123), and dvy = *¢@(Uy, Us, Us, -). But
Vo =0=V=xp,so
V' = o(V'U;, V32U, -), r=s;+s+1, (ijk) = (123)
Vv = (VU VU, V2 Us, ), r=s1+8s3+5s3+ 1.

LEmMMA
At p,
® vy, v3 agree with the flat model to order 3,

® vy, v1 agree with the flat model to order 4.
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Horonomy TorRUS QUOTIENTS REALISATION FrLaT GENERAL

IMAGE OF SINGULAR LOCUS

G, case

dVl = q’(UZ? U3’ : )7 dVZ = (p(U37 Ul’ )
dvs = o(Uy, Uy, -), dvy = x@(Uy, Up, Us, -)

If U; vanishes on a collection of singular orbits, then v,, v3 and v, are
locally constant on that collection.

® T2 stabiliser — a point in R* = R3 x R
e S! stabiliser i lines in (vy = constant) of rational slope

® Any intersection is triple, with with the primitive slope vectors
summing to zero

Thus we get a collection of trivalent graphs.
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Horonomy TorRUS QUOTIENTS REALISATION FrLaT GENERAL

COMPLETE Gy EXAMPLES

ExAMPLE

Flat model S x C3: \ — planar

ExAMPLE

_—

Bryant-Salamon metrics on S* X R*: non-planar

/N
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Horonomy TorRUS QUOTIENTS REALISATION FrLaT GENERAL

ExAMPLE

Foscolo et al. (2018) examples on M, , have M,, , a circle bundle
over the canonical bundle of CP! x CP! with first Chern class
(m, —n) over the zero section, symmetry group SU(2) x SU(2) x S*:

Primitive directions
(m—n,0,n)
7 (0,n — m, m)

(n—-m,m-—n,—m—n)
planar
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Horonomy TorRUS QUOTIENTS REALISATION FrLaT GENERAL

EXPLICIT METRICS WITH SPECIAL HOLONOMY

Full holonomy G,
—(92 + 05+ 03) + v3(dvE + dvi + dvi) + vidvd
do; = dvj Ndvg, (ijk) = (123)
Full holonomy Spin(7)
1 1 1 1
— _92 _92 _92 _02
9 " 0+v2 1"‘V3 2+v0 3

+ vzvg,vodv(‘)2 + v V3V0dV12 + vlvzvodvzz + v1v21/3dv32

d@o = —Vde23, d@] = —V3dV()3, d@z = —VodV01, d@g = V]dV12
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