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Lerman’s Symplectic Cut

M a symplectic manifold
with Hamiltonian circle
action.

Moment map µ : M →R

satisfies dµ= ξyω.

Level ε ∈µ(M) with the
S1-action free on
Mε =µ−1(ε).

Symplectic quotient

M//S1 = Mε/S1

is a smooth manifold of
dimension dimM −2

Symplectic cut

Mcut = M>ε
∐

M//S1

where M>ε =µ−1(ε,∞)
dimMcut = dimM

Andrew Swann Modifying hyperKähler manifolds
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Constructing Symplectic Cuts

M ×C has

S1-action eiθ(m,z) = (eiθm,e−iθz),

moment map Φ(m,z) =µ(m)−|z|2.

Mcut is the symplectic quotient of M ×C at level ε

Mcut =Φ−1(ε)/S1.

Φ−1(ε) =Σ1
∐
Σ2

Σ1 = { (m,z) :µ(m) > ε,
|z| = +√

µ(m)−ε> 0}

Σ2 = { (m,0) :µ(m) = ε }

Mcut = M>ε
∐

M//S1

M>ε =Σ1/S1

M//S1 =Σ2/S1
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HyperKähler Manifolds

M hyperKähler

complex structures I , J , K with

I2 =−1 = J2 = K 2, IJ = K =−JI ,

metric g Hermitian with respect to I , J , K

g(IX , IY ) = g(X ,Y ) etc.

two forms ωI = g(I·, ·), etc. symplectic

dωI = 0 = dωJ = dωK .

Andrew Swann Modifying hyperKähler manifolds
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HyperKähler Moment Maps

(M ,g, I , J ,K ) hyperKähler preserved by S1-action generated by ξ.

Definition

µ= (µI ,µJ ,µK ) : M →R3 is a hyperKähler moment map if

dµ= (dµI , dµJ , dµK ) = (ξyωI , ξyωJ , ξyωK )).

The S1-action is then tri-Hamiltonian.

For flat M =H=C+ jCwith

q 7→ eiθq,

(z,w) 7→ (eiθz,e−iθw),

µH(q) = 1
2 qiq̄,

µH(z,w) = ( 1
2 (|z|2 −|w|2), izw).

Andrew Swann Modifying hyperKähler manifolds
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The HyperKähler Quotient

M hyperKähler with tri-Hamiltonian S1-action

A level ε is good if S1 acts freely on µ−1(ε) ⊂ M .

Theorem (Hitchin-Karlhede-Lindström-Roček)

M///S1 is a hyperKähler manifold when ε is good.

dim(M///S1) = dimM −4

When M is complete so is M///S1.

Andrew Swann Modifying hyperKähler manifolds
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HyperKähler Modifications

M hyperKähler with tri-Hamiltonian S1-action

M ×H has

S1-action eiθ(m,q) = (eiθm,e−iθq),

moment map Φ(m,q) =µ(m)−µH(q).

Let ε be a good level for µ.

HyperKähler modification

is the hyperKähler quotient of M ×H at level ε:

Mmod =Φ−1(ε)/S1
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Properties of the Modification

Mmod is

a smooth hyperKähler manifold of the same dimension as M ,

complete if M is complete.

Mmod carries

a circle action eiθ[m,q] = [eiθm,q],

moment map µ[m,q] =µ(m).

Mmod contains

the hyperKähler quotient µ−1(ε)/S1 as a fixed point set of the
circle action.

The modification construction can be iterated.
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Symplectic vs. HyperKähler

Symplectic Cut HyperKähler Modification

z 7→ |z|2 q 7→ qiq̄
C→R H→R3

image RÊ0 (R surjective
section p 7→ +pp no section

is Hopf fibration S3 → S2

away from 0

Φ : M ×C→R Φ : M ×H→R3

Φ−1(ε) → M image MÊε N :=Φ−1(ε) → M onto
Mcut = M>ε

∐
M//S1 Mmod = M∗

mod

∐
M///S1

M∗
N∗

M∗
mod

non-trivial circle bundles

Andrew Swann Modifying hyperKähler manifolds
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Euler Characteristic

Fixed-point sets are related by

(Mmod)S1 = (M///S1)
∐

MS1
.

If the circle action is free away from the fixed-point set and the
topological type is finite, then

χ(Mmod) =χ(MS1

mod) =χ(M///S1)+χ(M).

Andrew Swann Modifying hyperKähler manifolds
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Betti Numbers

Theorem

For M hyperKähler with tri-Hamiltonian S1-action, finite
topological type, simply-connected and ε a good level

b2(Mmod) = b2(M)+1, π1(Mmod) = {1}.

Two steps
1 b2(M \µ−1(ε)) = b2(Mmod)

Gysin and homotopy sequences for circle bundles
M///S1 is codimension four in Mmod

2 b2(M) = b2(M \µ−1(ε))−1
Thom-Gysin sequence for µ−1(ε) ,→ M
The closed Poincaré dual ηµ−1(ε) =µ∗η{ε} ∈ H3(R3) = {0}

Andrew Swann Modifying hyperKähler manifolds
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Four Dimensions

Multi-instanton metrics

M =Hwith q 7→ eiθq.
For any ε 6= 0, µ−1(ε) ∼= S1, M///S1 = {∗}. Mmod has two fixed-points,
Mmod = T∗CP(1) with Euguchi-Hanson metric.

Iterate to get the multi-instanton metrics of Gibbons-Hawking

g = V (dx2
1 +dx2

2 +dx2
3)+V−1(dt +A1dx1 +A2dx2 +A3dx3)2

V (x) =∑
i
‖x−pi‖−1, ∗3dA = dV .

Multi-Taub-NUT metrics are obtained starting from
M =R3 ×S1 =H/Z. Same topology as multi-instanton case.

Andrew Swann Modifying hyperKähler manifolds
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HyperKähler Toric Manifolds

M = T∗CP(2) has tri-Hamiltonian T 2-action.
Will always have b2(Mmod) = 2, but for different choices of S1 in T 2

can get
b4(Mmod) = 2 or 3.

Poincaré polynomial

Pt(M) =
n∑

k=0
dk(t2 −1)k

where dk is the number of k-dimensional elements in the bounded
polyhedral complex.

Andrew Swann Modifying hyperKähler manifolds
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Toric Modifications

T∗CP(2), b2 = 1 = b4

Two modifications

b2 = 2, b4 = 2 b2 = 2, b4 = 3
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Gauge Theory Quotients

T∗GC for G compact Lie

is hyperKähler, as it is the moduli space of g-valued solutions
to Nahm’s equations on [0,1]

carries a tri-Hamiltonian action of G×G

can repeatedly be modified with respect a circle in a maximal
torus T⊂ G to get complete hyperKähler metrics with
G×T-symmetry.

Andrew Swann Modifying hyperKähler manifolds
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Three-Sasakian Modifications

(S ,g) is three-Sasaki if the cone

C(S ) =R>0 ×S , dt2 + t2g

is hyperKähler.

Canonical moment map µS = (Idt(ξ), Jdt(ξ),Kdt(ξ)).
The hyperKähler modification of C(S ) at level 0 is a cone C(Smod).

Proposition

S is compact with free-circle action on µ−1
S

(0). Then Smod is smooth
and compact and contains a copy of S ///S1.
If S is simply connected, then so is Smod and

b2(Smod) = b2(S )+1.
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Hypersymplectic Manifolds

(M ,g, I ,S,T) is hypersymplectic if

I2 =−1, S2 =+1, IS = T =−IS,

g(IX , IY ) = g(X ,Y ), g(SX ,SY ) =−g(X ,Y ),

dωI = 0 = dωS = dωT , ωA(·, ·) = g(A·, ·)

Example C1,1 with circle action (z,w) 7→ (eiθz,eiθw) has moment
map

φHS(z,w) = ( 1
2 (|z|2 +|w|2), izw̄)

which descends to a two-to-one map with image the solid cone

{(a,b) ∈R×C : a Ê |b|}.

This combines features of the symplectic and hyperKähler cases

φHS is not onto,

φHS has no section.
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Hypersymplectic Cuts

M hypersymplectic with tri-Hamiltonian circle action moment
map µ : M →R3, ε a good level.
On M ×C1,1 consider the action eiθ(m,p) = (eiθm,e−iθp) with
moment map

Φ(m,p) =µ(m)−φHS(p).

The hypersymplectic cut is Mcut =Φ−1(ε)/S1 .

Mcut = X
∐

M∗
cut, where

X =µ−1(ε)/S1 is the hypersymplectic quotient,

M∗
cut is related to{

m ∈ M :µ(m)−ε= (a,b), a > 0, a Ê |b|}
via non-trivial circle bundles.
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Summary

HyperKähler modification by a circle

increases b2 by 1,

adds a new fixed submanifold,

alters the topology at infinity,

preserves completeness,

can be iterated.

Andrew Swann Modifying hyperKähler manifolds



Outline Symplectic HyperKähler Other Summary

Summary

HyperKähler modification by a circle

increases b2 by 1,

adds a new fixed submanifold,

alters the topology at infinity,

preserves completeness,

can be iterated.

Andrew Swann Modifying hyperKähler manifolds



Outline Symplectic HyperKähler Other Summary

Summary

HyperKähler modification by a circle

increases b2 by 1,

adds a new fixed submanifold,

alters the topology at infinity,

preserves completeness,

can be iterated.

Andrew Swann Modifying hyperKähler manifolds



Outline Symplectic HyperKähler Other Summary

Summary

HyperKähler modification by a circle

increases b2 by 1,

adds a new fixed submanifold,

alters the topology at infinity,

preserves completeness,

can be iterated.

Andrew Swann Modifying hyperKähler manifolds



Outline Symplectic HyperKähler Other Summary

Summary

HyperKähler modification by a circle

increases b2 by 1,

adds a new fixed submanifold,

alters the topology at infinity,

preserves completeness,

can be iterated.

Andrew Swann Modifying hyperKähler manifolds



References

A. S. Dancer and A. F. Swann, Modifying hyperkähler manifolds
with circle symmetry, IMADA preprint PP-2005-11, ESI prerpint
1725, eprint arXiv:math.DG/0510501 .

E. Lerman, Symplectic cuts, Math. Res. Lett. 2 (1995), no. 3,
247–258.

N. J. Hitchin, A. Karlhede, U. Lindström, and M. Roček,
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