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Lerman’s Symplectic Cut

@ M asymplectic manifold
with Hamiltonian circle
action.

@ Momentmap yu: M —R
satisfies du =¢ L w.

o Level € € u(M) with the
S!-action free on
M, = u~(e).
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Lerman’s Construction

Lerman’s Symplectic Cut

@ M asymplectic manifold
with Hamiltonian circle
action.

@ Momentmap yu: M —R
satisfies du =¢ L w.

o Level € € u(M) with the
S!-action free on
M, = u~(e).

Andrew Swann

Symplectic quotient
M/IS' = M, /S

is a smooth manifold of
dimension dimM -2
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Lerman’s Symplectic Cut
@ Ma Symplectic manifold Symplectic quotient
with Hamiltonian circle

) M//S' = M,/S!
action.

@ Momentmap yu: M —R
satisfies du =¢ L w.

o Level € € u(M) with the

S!-action free on -
M, = (o). Symplectic cut

Myt = I\4>£]_U\4//S1

is a smooth manifold of
dimension dimM -2

where M., = u~!(¢,00)
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Constructing Symplectic Cuts

M x C has
o Sl-action é?(m,z)=(%m, e 197,

e momentmap ®(m,z) = u(m) - |z|*.
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Constructing Symplectic Cuts

M x C has
o Sl-action €9(m,2) = (d9m,e102),
e momentmap ®(m,z) = u(m) - |z|*.

M. is the symplectic quotient of M x C at level €

Mgyt =D e)/S.
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Constructing Symplectic Cuts

M x C has
o Sl-action €9(m,2) = (d9m,e102),
e momentmap ®(m,z) = u(m) - |z|*.

M. is the symplectic quotient of M x C at level €

Mgyt =D e)/S.

O l(e) =211,
@ 21 ={(m2):ulm) >e¢,

|z = +1/u(m) —e >0}

@ X ={(m0): u(im =¢}
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Lerman’s Construction

Constructing Symplectic Cuts

M x C has

o Sl-action é?(m,z)=(%m, e 197,

e momentmap ®(m,z) = u(m) - |z|*.

M. is the symplectic quotient of M x C at level €

Myt =@

O l(e) =211,
@ 21 ={(m2):ulm) >e¢,

|z = +1/u(m) —e >0}

@ X ={(m0): u(im =¢}

Andrew Swann

“Le)/st.

Myt = ]\4>£]_U\4//S1
o My, =2/S

@ M//S'=3,/8!
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HyperKihler Manifolds

M hyperKahler

e complex structures I, J, K with
FP=-1="=K*  D=K=-JI,
e metric g Hermitian with respectto I, J, K
gUIX, 1Y) =g(X,Y) etc.
o two forms wy = g(I-, ), etc. symplectic

da)[ =0= da)]: da)[(.
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HyperKédhler Moment Maps

(M, g,1,], K) hyperKahler preserved by S!-action generated by ¢.

Definition

W= (g, 1y, i) : M — R3 is a hyperKéihler moment map if

dp = (duy, duy, dug) = (€ awr, § 1wy, §awk)).

The S!'-action is then tri-Hamiltonian.
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HyperKédhler Moment Maps

(M, g,1,], K) hyperKahler preserved by S!-action generated by ¢.

Definition

W= (g, 1y, i) : M — R3 is a hyperKéihler moment map if
du = (duy, dyy, dug) = (G 1wy, ¢ 1wy, § 1wK)).

The S!'-action is then tri-Hamiltonian.

For flat M = H = C + jC with

q—éq, 1@ = 1qig,

(7 w) — (%2 e w), 1z w) = Gz - (wP), izw).
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The HyperKihler Quotient

M hyperKahler with tri-Hamiltonian S!-action

Alevel ¢ is good if S! acts freely on u~!(¢) < M.

Theorem (Hitchin-Karlhede-Lindstrom-Rocek)
M//1S" is a hyperKéhler manifold when ¢ is good.

dim(M///8Y) =dimM -4
When M is complete so is M/// S'.
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HyperKihler Modifications

M hyperKahler with tri-Hamiltonian S!-action
M x H has

o Sl-action €¥(m,q) = (é?m,eg),

e momentmap ®(m,q) = u(m) — u(g).

Let € be a good level for p.
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HyperKihler Modifications

M hyperKahler with tri-Hamiltonian S!-action
M x H has

o Sl-action €¥(m,q) = (é?m,eg),

e momentmap ®(m,q) = u(m) — u(g).

Let € be a good level for p.

HyperKéhler modification
is the hyperKahler quotient of M x H at level :

Minod =@ 1(e)/S!

Andrew Swann Modifying hyperKihler manifolds



Outline Symplectic HyperKidhler Other Summary Moment Maps Modifications Topology Examples

Properties of the Modification
Mod is

e asmooth hyperKéhler manifold of the same dimension as M,

e complete if M is complete.
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Properties of the Modification

Mmod is
e asmooth hyperKéhler manifold of the same dimension as M,

e complete if M is complete.

Mg carries
e acircle action é[m, g] = [¢¥m, q],

@ moment map p[m,ql = u(m).

Andrew Swann Modifying hyperKihler manifolds



Outline Symplectic HyperKidhler Other Summary Moment Maps Modifications Topology Examples

Properties of the Modification

Mmod is
e asmooth hyperKéhler manifold of the same dimension as M,

e complete if M is complete.

Mg carries
e acircle action é[m, g] = [¢¥m, q],

@ moment map p[m,ql = u(m).

Mnod contains

e the hyperKihler quotient u~!(¢)/S' as a fixed point set of the
circle action.
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Properties of the Modification

Mmod is
e asmooth hyperKéhler manifold of the same dimension as M,

e complete if M is complete.

Mg carries
e acircle action é[m, g] = [¢¥m, q],

@ moment map p[m,ql = u(m).

Mnod contains

e the hyperKihler quotient u~!(¢)/S' as a fixed point set of the
circle action.

The modification construction can be iterated.
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Symplectic vs. HyperKiahler

Symplectic Cut HyperKihler Modification
z— 1z q— qiq
C—R H—R3
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Symplectic vs. HyperKiahler

Symplectic Cut HyperKihler Modification
z |2 q— qiq
C—R H—R3
image R>o C R surjective
section p— +,/p no section
is Hopf fibration S — $2

away from 0
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Symplectic vs. HyperKiahler

Symplectic Cut HyperKihler Modification
z |2 q— qiq

C—R H—R3

image R>o C R surjective

section p— +,/p no section

is Hopf fibration S — $2
away from 0

O: MxC—R ®: MxH—R3
@ !(¢) » Mimage M>, N:=® !(¢) — Monto
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Moment Maps Modifications Topology Examples

Symplectic vs. HyperKiahler

Symplectic Cut
z— |zf*

C—-R

image R>o C R
section p— +,/p

O: MxC—-R
@~ !(e) — M image M-,
Myt = ZV[>£]_U\/[//S1

Andrew Swann

HyperKihler Modification
q— qiq
H—R3
surjective
no section
is Hopf fibration S — $2
away from 0
®: MxH—R?
N:= <D_1(£) — M onto
Mmod = M LIM//18!

non-trivial circle bundles
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Euler Characteristic

Fixed-point sets are related by
(Mmod)S' = (M111SH] M.

If the circle action is free away from the fixed-point set and the
topological type is finite, then

X (Minod) = x(MS. ) = x(M111SY) + y(M).
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Betti Numbers

Theorem

For M hyperKiihler with tri-Hamiltonian S' -action, finite
topological type, simply-connected and € a good level

b (Mmod) = b2 (M) +1, 71 (Mmod) = {1}.
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Betti Numbers

Theorem

For M hyperKiihler with tri-Hamiltonian S' -action, finite
topological type, simply-connected and € a good level

b (Mmod) = b2 (M) +1, 71 (Mmod) = {1}.

Two steps
O b (M\ ™' (€) = ba(Mimod)
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Betti Numbers

Theorem

For M hyperKiihler with tri-Hamiltonian S' -action, finite
topological type, simply-connected and € a good level

b (Mmod) = b2 (M) +1, 71 (Mmod) = {1}.

Two steps
Q LM\ (&) = bo(Mimod)
e Gysin and homotopy sequences for circle bundles
o M///S" is codimension four in Mg
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Betti Numbers

Theorem

For M hyperKiihler with tri-Hamiltonian S' -action, finite
topological type, simply-connected and € a good level

b (Mmod) = b2 (M) +1, 71 (Mmod) = {1}.

Two steps
Q LM\ (&) = bo(Mimod)
e Gysin and homotopy sequences for circle bundles
o M///S" is codimension four in Mg

Q (M) =bh(M\u'E)-1
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Betti Numbers

Theorem

For M hyperKiihler with tri-Hamiltonian S' -action, finite
topological type, simply-connected and € a good level

b (Mmod) = b2 (M) +1, 71 (Mmod) = {1}.

Two steps
Q LM\ (&) = bo(Mimod)
e Gysin and homotopy sequences for circle bundles
o M///S" is codimension four in Mg

© LM =b(M\p ' (€) -1
o Thom-Gysin sequence for u~!(e) — M
o The closed Poincaré dual 1,1, = u*1¢g € H3(R®) = {0}
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Four Dimensions

Multi-instanton metrics

M =Hwith g— €q.

For any € #0, ,u_1 (€)= S, M/// S = {x}. M4 has two fixed-points,
Mioq = T* CP(1) with Euguchi-Hanson metric.
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Four Dimensions

Multi-instanton metrics

M =Hwith g— €q.
For any € #0, ,u_l (€)= S, M/// S = {x}. M4 has two fixed-points,
Mioq = T* CP(1) with Euguchi-Hanson metric.

Iterate to get the multi-instanton metrics of Gibbons-Hawking

g=V(dx +dxs +dx3) + V1 (dt + A dxy + Aydxy + Azdxz)?
V=Y Ilx-pill™,  x3dA=av.
i
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Four Dimensions

Multi-instanton metrics

M =Hwith g— €q.

For any € #0, ,u_l (€)= S, M/// S = {x}. M4 has two fixed-points,
Mioq = T* CP(1) with Euguchi-Hanson metric.

Iterate to get the multi-instanton metrics of Gibbons-Hawking

g=V(dx +dxs +dx3) + V1 (dt + A dxy + Aydxy + Azdxz)?
V=Y Ilx-pill™,  x3dA=av.
i

Multi-Taub-NUT metrics are obtained starting from
M =R3 x §' =H/Z. Same topology as multi-instanton case.
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HyperKéhler Toric Manifolds

M = T* CP(2) has tri-Hamiltonian T?-action.
Will always have b, (Mp0q) = 2, but for different choices of Stin T2
can get

by(Mod) =2 or 3.
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HyperKéhler Toric Manifolds

M = T* CP(2) has tri-Hamiltonian T?-action.
Will always have b, (Mp0q) = 2, but for different choices of Stin T2
can get

by(Mpoq) =2 or 3.

Poincaré polynomial

n
P(M) =Y di( - DF
k=0

where d. is the number of k-dimensional elements in the bounded
polyhedral complex.
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Toric Modifications

@ T"CP(2),br=1=by
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Toric Modifications

@ T"CP(2),br=1=by

@ Two modifications
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Toric Modifications

@ T"CP(2),br=1=by

@ Two modifications

b2:2,b4=2 b2:2,b4=3
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Gauge Theory Quotients

T*G¢ for G compact Lie
@ is hyperKdihler, as it is the moduli space of g-valued solutions
to Nahm'’s equations on [0, 1]
@ carries a tri-Hamiltonian action of Gx G
e can repeatedly be modified with respect a circle in a maximal
torus T < G to get complete hyperKahler metrics with
G x T-symmetry.

Andrew Swann Modifying hyperKihler manifolds
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Three-Sasakian Modifications

(<, g) is three-Sasaki if the cone
C(F)=Rsox &,  di* +t’g

is hyperKahler.
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Three-Sasakian Modifications

(<, g) is three-Sasaki if the cone
C(F)=Rsox &,  di* +t’g
is hyperKahler.

Canonical moment map p.o = (Idt(¢), Jdt(E), Kdt(<)).
The hyperKéhler modification of C(<#) atlevel 0 is a cone C(Fnod)-
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Three-Sasakian Modifications

(<, g) is three-Sasaki if the cone
C(F)=Rsox &,  di* +t’g

is hyperKahler.
Canonical moment map po = (Idt(¢),Jdt(E), Kdt(£)).
The hyperKéhler modification of C(<#) atlevel 0 is a cone C(Fnod)-

Proposition

& is compact with free-circle action on ,u;,} (0). Then Fnod is smooth
and compact and contains a copy of £ 111 S*.
If & is simply connected, then so is #moq and

by (Fmod) = b2 (&) + 1.

Andrew Swann Modifying hyperKihler manifolds
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Hypersymplectic Manifolds

(M, g,1,S, T) is hypersymplectic if

P=-1, S=+1, IS=T=-IS,
gIX, 1Y) =g(X,Y), g(8X,8Y)=-g(X,Y),
dwr=0=dws=dwr, wal-,) =g(A,)
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Hypersymplectic Manifolds

(M, g,1,S, T) is hypersymplectic if
P=-1, §=+1, IS=T=-IS,
g(X, 1Y) = g(X,Y), g(8X,S8Y) =-g(X,Y),
dwl =0= de = dwT» wA(') ) = g(A'» )

Example C!'! with circle action (z, w) — (¢ z, € w) has moment
map
Pus(zw) = (12 + [wl?), iziw)

which descends to a two-to-one map with image the solid cone

{(a,b)eRxC:az=|bl}.
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Hypersymplectic Manifolds

(M, g,1,S, T) is hypersymplectic if
P=-1, §=+1, IS=T=-IS,
g(X, 1Y) = g(X,Y), g(8X,S8Y) =-g(X,Y),
dwr=0=dws=dwr, wal,") =gA,")
Example C! with circle action (z, w) — (€ z, ¢ w) has moment

map
Pus(zw) = (12 + [wl?), iziw)

which descends to a two-to-one map with image the solid cone
{(a,b)eRxC:az=|bl}.

This combines features of the symplectic and hyperKéhler cases
@ (ys is not onto,
@ ¢ys has no section.
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Hypersymplectic Cuts

M hypersymplectic with tri-Hamiltonian circle action moment
map u: M — R3, £ a good level.

On M x CV! consider the action € (m, p) = (¢ m, 71 p) with
moment map

D (m, p) = u(m) — Pus(p).
The hypersymplectic cut is Mcye = @1 (g)/ st.
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Hypersymplectic Cuts

M hypersymplectic with tri-Hamiltonian circle action moment
map u: M — R3, £ a good level.
On M x CV! consider the action € (m, p) = (¢ m, 71 p) with
moment map

@(m, p) = p(m) — Pus(p).

The hypersymplectic cut is Mcye = @1 (g)/ st.
Meut = X1I M ., where

cut’
e X =pu"!(e)/S! is the hypersymplectic quotient,

e M(, isrelated to
{meM:pu(m)—¢e=(ab), a>0, a=|bl}

via non-trivial circle bundles.
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Summary

HyperKdhler modification by a circle

@ increases b, by 1,
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Summary

HyperKdhler modification by a circle
@ increases b, by 1,

@ adds a new fixed submanifold,
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Summary

HyperKdhler modification by a circle
@ increases b, by 1,
@ adds a new fixed submanifold,

o alters the topology at infinity,
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Summary

HyperKdhler modification by a circle
@ increases b, by 1,

@ adds a new fixed submanifold,

alters the topology at infinity,

@ preserves completeness,
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Summary

HyperKdhler modification by a circle
@ increases b, by 1,

@ adds a new fixed submanifold,

alters the topology at infinity,
@ preserves completeness,

can be iterated.
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