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Twists MODIFICATIONS ELEMENTARY DEFORMATIONS

TWIST CONSTRUCTION

P

p/w

M 14

P — M a principal S!-bundle, symmetry Y, connection
1-form 6, curvature pry,F = do

X € X(M) generating S'-action preserving F

X' = X +aY on P preserving 0 and Y:X € H = ker0,
(pry)«X = X,andda = —X JF

W = P/X’, has action induced by Y
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Twists MODIFICATIONS ELEMENTARY DEFORMATIONS

TWIST DATA

TwisT DATA p

e M manifold Pry Pryw
e X € X(M), circle action

e FeO5,(M)X M 4%

e a € C®M) withda = —X_F horizontal distribution
H =ker6 C TP

DEFINITION

« tensor on M is H-related to ay on W if

pry& = priyaw on H
Write a0 ~, aw
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TWIST COMPUTATIONS

P

a ~y ay if pryx = priyaw on H = ker 0 pr/ W

o o€ QP(M): M v

day ~yy dwo == da — LF A (X Sa)

e | complex structure on M:
I integrable if and only if F € A}’l

ExXAMPLE

M = M(n) := CP" xT? Kahler, X on T?, F = wgs:
W = §21 x S! non-Kihler.

How can we get Kédhler, hyperKahler,...?
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HYPERKAHLER GEOMETRY

M*" hyperKiihler: ¢ (pseudo-)Riemannian metric,
I,],K: TM — TM bundle endomorphisms with

e P=-1==K}I]]=K=—]I
e g(IX,IY) = g(X,Y) etc. and
e wi(X,Y)=g(IX,Y) etc. satisfy

da)[ =0 :dw] :dwK

Then
e g is Ricci-flat,
e Holy(g) < Sp(n) and
e I, ], K are integrable.
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HYPERKAHLER QUOTIENTS

Suppose X is a tri-holomorphic isometry of (M, g,1,],K),
Lxg =0, LxI = 0 = Lx] = LxK, generating a circle action.

A hyperKihler moment map for X is u = (ur, py, pix): M — R3
such that
dy = (X swr, X Jwy, X Jwk)

X is then tri-Hamiltonian

THeEOREM (HiTcHIN, KARLHEDE, LINDSTROM AND ROCEK
1987)

If X acts freely on u=1(0), then

MAX =u1(0)/X

is a smooth hyperKihler manifold of dimension dim M — 4.
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HYPERKAHLER MODIFICATIONS

DEeFINITION (DANCER-S)

The hyperKiihler modification of M is

Mnoq = (M X H)///(X/ =X — %)
where - generates g — e on H = R*.

e dimM,,,q = dimM
e M complete, then M;,,q complete
e 7T (M) =0, then b, (Mmod) = bz(M) +1

ExAMPLE
M=HX=2% u=pun+cc#0: Mno =T CP(1)

Which hyperKéahler metrics are modifications?
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A DOUBLE FIBRATION

For ® = p—pup, X' = X — &
— +MxH
/ \X/
mod
e pr(X’) is a Riemannian submersion for ¢*(¢ + gn)
e pr, is not a Riemannian submersion, it induces the metric
¢V on M:
1
gN:ngmgm Qu = &F +0F + af + ag

ao =X =g(X,-), oy = Ineg = —ao(I-) etc.
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ELEMENTARY DEFORMATIONS

¢ hyperKahler, X an isometry, ag = X’, g5 = ad + o + zx% + a2

DEFINITION

An elementary deformation ¢ of ¢ with respect to X is
8" =8 +hga
for some f,h € C*®(M)

There are only two cases for X
@ tri-holomorphic: Lx] =0 = Lx] = LxK
® rotating: Lx] =0, Lx] = K
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TRI-HOLOMORPHIC ACTIONS

g hyperKahler, X tri-holomorphic, dimM > 4
Locally X is tri-Hamiltonian with moment map u = (pr, yj, pix)

THEOREM (S5)

An elementary deformation Proof method
N = fg + hg, twists via (X,F,a) toa 0 W)~y wN =
hyperKiihler metric gw if and only if fowr + th
e f constant, so take f =1, @ impose dw}’ =0,
o h = h(uy, py, ux) is harmonic Le. dww?] =0
o F=d(hag)+ *3dh ® impose
da=—-X_JF

° a:1—|—hHXH27éO @ impose dF =0
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g hyperKéhler, X tri-Hamiltonian, gN = ¢ + hgs, h harmonic

EXAMPLE
HyperKahler modification is h = 1/ (2| u||)

ExXAMPLE

Taub-NUT deformation W = (M x (S' x R®)) //S',
diffeomorphic to M, ish =1

EXAMPLE

h>0:Z4% gz(h) = 3 (dt + w)? + h(dx? + dy? + dz?), dw = x3dh
is a general hyperKahler 4-manifold with free tri-Hamiltonian
action and W = (M x Z) // S
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INVERSION

Generally: Twist of M by data (X, F,a) to W is inverted by twist
data on W H-related to (1X, —1F 1),

ProrosITION (S)

HyperKihler twists above of the elementary deformation
¢ = g+ hgy of g corresponding to h is inverted by the elementary
deformation of gw corresponding to —h.

¢ Modification inverted by
h=—1/ul]). To get
positive definite, need

e 1 > 0: inversion
corresponds to
hyperKéahler quotient

1X|I* < 2||u]|. So flat R* is not of
a modification. (M x Z4, ¢ x —gz(h)).
e Taub-NUT deformation if and quaternionic

only if ||X]| is bounded. Lorentzian
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StRONG HKT

strong HKT: (g,1,],K) with
e ldw; = Jdw; = Kdwg =: —c and
e dc=0

ProrosITION

g hyperKihler, X tri-Hamiltonian, rank duag > 16. An elementary
deformation ¢N = fg + hg, twists via (X, F,a) to a strong HKT
metric gw if and only if

e f constant, so take f =1,

o I = h(u, py, px) is harmonic
e [ = d(tho)
oa=1+h|X|?#0

Cf. hyperKéahler twist F = d(hag) + *3dh.
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ROTATING ACTIONS

g hyperKahler, dimM >4, LxI = 0, Lx] = K
Locally there is a Kdhler moment map y: M — R for (wy, X).

THEOREM (MACIA-S)

For X non-null, an elementary deformation ¢ = fg + hg, twists to
quaternionic Kihler if and only if

 f=1/(1—c)
o h=-1/(np—c)?
o F=duny+ wyp

ca=|X|I"—ptc

This is the hK/gK correspondence Haydys 2008; Alexandrov,
Persson and Pioline 2011; Hitchin 2013; Alekseevsky, Cortés,
Dyckmanns and Mohaupt 2013. In the c-map context, g has
signature (4n,4), but ¢V is positive definite.
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Show quaternionic Kahler by d() = 0
Q = wf + W} + wi

provided dim M > 12.
For dimM = 8, show

wy wy
d wy =ANA wr
WK WK

for some A € Q! ® 50(3).
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