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SPECIAL GEOMETRIES

SPECIAL GEOMETRIES

RICCI-FLAT GEOMETRIES with closed forms
1. hyperKidhler hKyy: dim M = 4k, three symplectic forms w;, wy, wg;
2. Calabi-Yau CY;,,: dim M = 2m, symplectic w, complex volume
Pe =Py +ith;
3. holonomy G,: dim M = 7, forms ¢ € Q3(M), *¢ € Q*(M);
4. holonomy Spin(7): dim M = 8, form Q € Q*(M).

POSITIVE EINSTEIN GEOMETRY nearly Kihler six-manifolds nKg:
dCU = 3¢+, dw_ = —2602

Use symmetry to study examples.
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LARGE SYMMETRY GROUP

LARGE SYMMETRY GROUP

RICCI-FLAT CASES: there are complete cohomogeneity-one examples for
each geometry. Early examples
1. hKy: Calabi (1978) metric on T*CP(2k)
2. G,: Bryant and Salamon (1989) metrics on A2 (S*), A2 (CP(2)), S3 x R*
3. Spin(7): Bryant and Salamon (1989) metric on spin-bundle of S*.

NEARLY KAHLER nKg: homogeneous examples are exactly the
six-dimensional three-symmetric spaces (Butruille 2005) constructed by
Gray (1972).

G,, Spin(7): further cohomogeneity one examples Brandhuber et al.
(2001), Cvetic et al. (2002a,b), Bazaikin (2007), Bogoyavlenskaya (2013).
Foscolo, Haskins, and Nordstrom (2018) classify all holonomy G, with
SU(2)? x S symmetry.

nKs: Foscolo and Haskins (2017) cohomogeneity one examples on S® and
S3x S3.
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MULTI-MOMENT MAPS

MULTI-MOMENT MAPS

G acting (effectively) on M preserving a closed (p + 1)-form c.
A multi-moment map is an equivariant map

v: M — LieKer(p,g)", (dv)x(w) = ayx(w, -),
where

LieKer(p,g) = ker[-, -]: APg — APl g

k
w = ZX{‘ A /\X}’,f € LieKer(p, g).
i=1

For G Abelian, g = R’, LieKer(p,g) = AP ¢* =RV, N = (p)-
(Madsen and Swann 2012)
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A GOOD HIERARCHY

A GOOD HIERARCHY
Dimension matching: dim(M /T") = dim LieKer(p, g).

hK; c CY; c G, c Spin(7)
T'<T?<T?><T*

MASTER CASE Spin(7) v: M® — R*.
Structure on free part: given by positive definite V = (g(X;, X;)) ™!
satistying

4
62 a‘/la
———(ViiVap = ViaVip) =0, =

Local solutions exist in abundance.

Singular orbit have stabiliser a subtorus of T#: only T or T2.

Image under v of singular orbits is an affine trivalent graph in R* with
rational slopes and zero-tension condition. (Madsen and Swann 2019a,b)
EXISTENCE OF COMPLETE METRICS? hK;, CY3, G, yes. Spin(7) unknown.
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NEARLY KAHLER

NEARLY KAHLER nKg

T? SYMMETRY v = 0(X1,X5): M — R. (Russo and Swann 2019)
For M compact, v(M) = [a,b] cR,a <0< b.
Stabilisers of dim > 0 only occur in v=1(0).

For regular value ¢, N = v~1(¢)/T? is a three-manifold with global coframe
ap, a1, ay satisfying

dOC() = fOCl A0y, d(fOCl) Aayg=0= d(fO[z) A ap.

The nearly Kihler geometry is recovered by geometric flow.
N is homogeneous with left-invariant data if and only if N is

three-dimensional unimodular group that is not Abelian.

T3 SYMMETRY v: M — R3. Moroianu and Nagy (2019).
Occurs for three-symmetric structure on S3 x S3.
Are there other examples?
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UNIMODULAR SYMMETRY

UNIMODULAR SYMMETRY OF G,-STRUCTURES

Approach of Chihara (2019).
M’ torsion-free G,. Three-form ¢, four-form x¢.

Free Lagrangian action of three-dimensional G: ¢ (X3, X5, X3) = 0.
Multi-moment map v: M — R, dv = x¢ (X1, X3, X3, - ): closed if and only
if G is unimodular.

Have a G-bundle v=1(t) — N3 = v~!(¢)/G with Riemannian connection
a = a'X; and solder form b = b'X; = ¢(Xj, Xk, - )X;. Get a geometric flow
for vV = (9(Xi. X;)) "

¢ = (adjV);ja'b/dv — (detV)b'?* + bla’*.

Chihara (2019): T3 and SO(3). Boye (2021): general G.

G = SU(2): direct solutions on N3 = SU(2) with b’ = foi, V = (f,/f)/?1d,
including Bryant-Salamon cone metric.
Cf. Karigiannis and Lotay (2021) and Kawai (2018).
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