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@ HyrerKAHLER TO STRONG HKT

e Gz TO G2

ANDREW SWANN TWISTS AND SPECIAL HOLONOMY



Twists BHK-HK BHK-0K BHK-SHKT G2

TWIST CONSTRUCTION

TwisT DATA p

M manifold Pry pry
X € X(M), circle action

Fe Q% (M)X M 4%
a € C®M)withda = —-X_JF horizontal distribution
H =ker6 C TP

« tensor on M is H-related to ayy on W if

pry& = pryyaw  on H

Write a ~;, aw
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TWIST COMPUTATIONS

P

a ~y ay if pryx = priyaw on H = ker 0 }ﬁ/ W

o & € OP(M): dayy ~yy do — IF A (X L) M w
e | complex structure on M:

Iy integrable if and only if F € All’l

EXAMPLE EXAMPLE

M = M(n) = CP" xT? M = T", F left-invariant:
Kihler, X on T?, F = wps: W is a nilmanifold

W = §?*1 x S! Hermitian corresponding to
non-Kahler. g* = (0""LF).

How can we get Kéahler, hyperKéhler,. .. ?
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MobpEL: HYPERKAHLER MODIFICATION

X is a tri-Hamiltonian isometry of hyperKahler (M, g,1,], K)

DEeFINITION (DANCER-SWANN)

The hyperKdihler modification of M is

Minoq = (MXH)///(X/:X_%>

9 i0 — R4
where 55 generates g — ¢”g on H = R™.

® dim Mpoq = dim M
e M complete, then M,oq M=H, X = % ,

complete #=up+c c#0:
e 11(M) =0, then Mg = T*CP(1)

bZ(Mmod) = bZ(M) +1
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A DOUBLE FIBRATION

For ® = p—pup, X' = X — &
— +MxH
/ \X/
mod
e pr(X’) is a Riemannian submersion for ¢*(¢ + gn)

e pr, is not a Riemannian submersion, it induces the metric
¢V on M:

1
gN:ngmgm ga:a%+0(%+0é%+06%<

ao =X =g(X,-), oy = Ineg = —ao(I-) etc.
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ELEMENTARY DEFORMATIONS

¢ hyperKahler, X an isometry, ag = X’, g5 = ad + o + zx% + a2

DEFINITION

An elementary deformation ¢ of ¢ with respect to X is
8" =8 +hga
for some f,h € C*®(M)

There are only two cases for X
@ tri-holomorphic: Lx] =0 = Lx] = LxK
® rotating: Lx] =0, Lx] = K
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TRI-HOLOMORPHIC ACTIONS

(M, g) hyperKihler, dim M > 4, X tri-Hamiltonian with
moment map j = (1, iy, pk)

T = Proof method
An elementary deformation wa + hwl
¢ = fo + hg, twists via (X, F,a) toa o impose dw}"’ =0,
hyperKihler metric gw if and only if ie. dwz 1EA

e f constant, so take f =1, (X_I(UI ) = O

o 1 = h(uy, py, px) is harmonic ® impose

inlU C RS, da=—X_F
o F=d(hag) + *3dh, @ impose dF =0

e a=1+h||X|*#£0.
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¢ hyperKahler, X tri-Hamiltonian, ¢V = ¢ + hg,, h harmonic on
ucR?

EXAMPLE
HyperKéahler modification is h = 1/ (2| u||)

EXAMPLE

Taub-NUT deformation W = (M x (S' x R®)) //S',
diffeomorphic to M, ish =1

ExXAMPLE

h>0:Z4% gz(h) = 3 (dt + w)? + h(dx? + dy? + dz?), dw = x3dh
is a general hyperKéahler 4-manifold with free tri-Hamiltonian
action and W = (M x Z) // S

If M is complete and gz extends to a complete hyperKéhler
metric, then get a unique hyperKéhler completion of the twist.
E.g. gz multi-Eguchi-Hanson, multi-Taub-NUT og Ac.
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INVERSION

Generally: Twist of M by data (X, F,a) to W is inverted by twist
data on W H-related to (1X, —1F 1),

PROPOSITION (SWANN)

The hyperKihler twist above of the elementary deformation
¢ = g+ hgy of g corresponding to h is inverted by the elementary
deformation of gw corresponding to —h.

¢ Modification inverted by
h=—1/ul]). To get
positive definite, need

e 1 > 0: inversion
corresponds to
hyperKéahler quotient

1X|I* < 2||u]|. So flat R* is not of

a modification. (M x Z4, ¢ x —gz(h)).
e Taub-NUT deformation if and quaternionic

only if ||X]| is bounded. Lorentzian
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HYPERKAHLER TO QUATERNINOIC KAHLER

g hyperKéhler, dim M > 4, X rotating: LxI = 0, Lx] = K and
Hamiltonian for w; with Kdhler moment map y: M — R.

THEOREM (MACIA-SWANN)

For X non-null, an elementary deformation ¢V = fg + hg, twists to
quaternionic Kahler if and only if

o f=1/(n—c)
e h=—1/(p—c)?
e F =duay+ wy

ca=|X|I"~pte
This is a uniqueness result for the hK/gK correspondence of

Haydys 2008; Alexandrov, Persson and Pioline 2011; Hitchin
2013; Alekseevsky, Cortés, Dyckmanns and Mohaupt 2013.

ANDREW SWANN TWISTS AND SPECIAL HOLONOMY



Twists HK-HK HK-QK HK-SHKT G2

C-MAP

In the c-map context, ¢ has signature (4n,4), but ¢V is positive
definite.

2m
Ce——T*

T*C hyperKéahler

C
\Sl Q quaternionic Kédhler
C* P P twist bundle
/ C conic special Kahler
S 0 s! S projective special Kéhler

EXAMPLE

S =RH(1) = Aff(R) has two left-invariant projective special
Kahler structures giving Q as Gra(C??) or G5/ SO(4), as
left-invariant quaternionic Kéhler structures on solvable
groups.
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Detect that twist is quaternionic Kéhler by d() = 0
Q = wf + W} + wi

provided dim M > 12.

For dim M = 8, show

wip wj
d wy =ANA wr
WK wg

for some A € Q! ® 50(3).
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StRONG HKT

strong HKT: (g,1,],K) with Idw; = Jdw; = Kdwg =: —c and
dc=0

PROPOSITION (SWANN)

g hyperKihler, X tri-Hamiltonian, rank duag > 16. An elementary
deformation ¢N = fg + hg, twists via (X, F,a) to a strong HKT
metric gw if and only if

e f constant, so take f =1,

o 1= h(u, py, px) is harmonic
o [ = dOCQ

e a=[X|*#0

Cf. hyperKéahler twist F = d(hag) + *3dh.
Non-trivial examples from M = T*GC for each G compact Lie.
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Gz TO Gz

(M, g) holonomy G, with three-form ¢.
For a symmetry X, we decompose

1
§=81 1t —5
HXH

1
=wAN——=a0+
Y x0T r

with w = X 3¢, X 3p = 0. This has dw = 0.
Elementary deformation

(2 =12 2
8N f 8§+ ||XH 0

= f2hw A ag +f2p

1
2
11
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2 _ g2
gN:f2g+(h f)“%, (PN:thw/\

3
X ttsp

1
2
11

PROPOSITION (FREIBERT-SWANN)

Let (M, g, ) be a parallel Gy-structure with symmetry X. Then the
elementary deformation (gN, o) twists to a parallel Gy-structure if
and only if

e f constant, so take f =1,
e h > 1is arbitrary

o [ = d((h — 1)0(0)
ea="h

ANDREW SWANN TWISTS AND SPECIAL HOLONOMY



REFERENCES

REFERENCES |

E Alekseevsky, D. V., V. Cortés, M. Dyckmanns and T. Mohaupt
(2013), “Quaternionic Kédhler metrics associated with special
Kahler manifolds”, arXiv: 1305.3549 [math.DG].

[§ Alexandrov, S., D. Persson and B. Pioline (2011),
“Wall-crossing, Rogers dilogarithm, and the QK/HK
correspondence”, |. High Energy Physics 2011:12, pp. 027, 1,
64.

[ Dancer, A.S. and A. F. Swann (2006), “Modifying hyperkéhler
manifolds with circle symmetry”, Asian |. Math. 10:4,
pp. 815-826.

El Haydys, A. (2008), “HyperKéahler and quaternionic Kahler
manifolds with Sl—symmetries”, J. Geom. Phys. 58:3,
pp- 293-306.

ANDREW SWANN TWISTS AND SPECIAL HOLONOMY


http://arxiv.org/abs/1305.3549

REFERENCES

REFERENCES [I

[ Hitchin, N.J. (2013), “On the hyperkéhler/quaternion Kahler
correspondence”, Commun. Math. Phys. 324:1, pp. 77-106.

[ Macig, O. and A. F. Swann (2014), “Twist geometry of the
c-map”, arXiv: 1404.0785 [math.DG].

[ Swann, A. F. (2010), “Twisting Hermitian and hypercomplex
geometries”, Duke Math. |. 155:2, pp. 403-431.

[4 - (2014), “Twists versus modifications”, in preparation.

ANDREW SWANN TWISTS AND SPECIAL HOLONOMY


http://arxiv.org/abs/1404.0785

	Twist construction
	HyperKähler to hyperKähler
	Model: hyperKähler modification
	Double fibration
	Elementary deformations
	Tri-holomorphic actions

	HyperKähler to quaternionic Kähler
	HyperKähler to strong HKT
	 G2  to  G2 
	Appendix

