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TORSION GEOMETRY

_vlC 1
METRIC GEOMETRY WITH TORSION V=V +ac

m metric g, connection V, torsion = any ¢ € O3 (M) will
TV(X,Y) = VxY - VyX — [X,Y] do

mVg=0 m V, V€ same

mc(X,Y,Z)=¢(TV(X,Y),Z) a geodesics/dynamics
three-form m strong if de =0

Study compact simply-connected
torsion geometries with

m compatible complex structures
and

m small symmetry group
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Metric KT HKT

g, V=Va+ic ceATM

KT GEOMETRY

additionally
m | integrable complex
structure
mo(IX, IY) =g(X,Y)
mVI=0

Two form F;(X,Y) = g(IX,Y)
V is unique
c = —IdFI

the Bismut connection

ANDREW SWANN

m KT geometry = Hermitian
geometry + Bismut
connection

m ¢ = (0 is Kdhler geometry
m strong KT is 90F; = 0

EXAMPLE

M® = $3 x $3 = SU(2) x SU(2)

GAUDUCHON (1991)

every compact Hermitian M* is
conformal to strong KT
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HKT STRUCTURE

(3,V,1,],K) with
m (g V,A)KT, A=LJK

m=K=—JI
c = —AdF, is independent of A

MARTIN CABRERA AND
Swann (2007)

IdF; = JdF; = KdF

implies I, |, K integrable, so
HKT.
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HKT GEOMETRY

Examples
Dist 4 T% K3, §% x §' (Boyer,

(¢, V,1,],K) with 1988)
= (5 V,A)KT, A=L]K Div 8 Hilbert schemes, SU(3),
m[[=K=-]I nilmanifolds, vector
bundles over discrete
c = —AdF, is independent of A groups (Verbitsky, 2003;

” Barberis and Fino, 2008)
SRR (U7 Compact, simply-connected

examples which are neither
IdF; = JdF; = KdFx hyperKéhler nor

?
implies I, |, K integrable, so homogeneous?

HKT.
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SUPERCONFORMAL QUANTUM MECHANICS

N particles in 1 dimension Standard quantisation
H = SP;g"Py + V(x P O a=1..N
- ﬂg () a'\’—laa, a=1,...,

MICHELSON AND STROMINGER (2000); PAPADOPOULOS
(2000)

m operator D with [D,H| = 2iH <= vector field X with
Lxg = 2 & LyV = —2V

m K so span{iH,iD,iK} = sl(2,R) <= X’ =g(X,-) is
closed

m then K = %g(X,X),

Choose a superalgebra containing s((2,R) in its even part.
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THE SUPERALGEBRAS D(2,1; )

The classification of simple Lie

superalgebras contains one m Over C,
continuous family isomorphisms
] between the cases
D(2,1;«) o, (14 )t
u g:go+gl _(“/(1+0‘))i1'
mg)= m Real form
s1(2,C) +51(2,C)4 +51(2,C) go =52, R) +
mg=CRCeC2 :CL(LQ"H:% su(2)4 +su(2)_.
m [Sa, Qa] — D, ] Qver IR,h‘ ;
isomorphisms for
n 5,0 = —f5RE - AR N

Simple for « # —1,0, co.
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SUPERCONFORMAL (GEOMETRY

N = 4B QuANTUM HKT maNIFOLD M

BHUEE AL NS with X a special homothety of type (a,b)
with D(2,1; ) -

superconformal m Lxg = ag,

symmetry m Lix] = bK,

| Lxl = 0, lel = 0,
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BHUEE AL NS with X a special homothety of type (a,b)
with D(2,1; ) -

superconformal m Lxg = ag,

symmetry m Lix] = bK,

| Lxl = 0, lel = 0,

_a
.“—E—l

m Action of
R x SU(2)
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SUPERCONFORMAL GEOMETRY

N = 4B QuANTUM HKT maNIFOLD M

BHUEE AL NS with X a special homothety of type (a,b)
with D(2,1; ) -
superconformal m Lxg = ag,
symmetry m Lix] = bK,
| Lxl = 0, lel = 0,. o0
ma=?-1 Fora #0
m Action of m M is non-compact
R x SU(Z) m = ﬁHXH2 is an HKT potential
rotating I, ], K

Fr = 3(dd; + dydg)p = (1 — ])dldp.
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ExAMPLE

M = H"H1 \ {0} — HP(n)
a=2,b=-2, a0 =-2.
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M = H"1\ {0} — HP(n)
a=2,b=-2, a0 =-2.

PooN AND SwaANN (2003)

a # 0 corresponds to
Q=M/RxSU2)) =
u~1(1)/ SU(2) a QKT orbifold
(of special type).

E.g. Q = kCP(2).

For S 3-Sasaki, M = S x R
warped product, is
hyperKéhler with special
homothety « = —2

ANDREW SWANN

Get to a = 0, special isometry,
by potential change
1 1
= Zo— (4"
§1= 8= 52"

2
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SUPERCONFORMAL GEOMETRY Il

Get to a = 0, special isometry,

M = H"1\ {0} — HP(n) by potential change
a=2,b=-2,a=-2

1 L omoy2
§1= 8~ 5 5(d"H)
POON AND SWANN (2003) ne o 2
a # 0 corresponds to Discrete quotient
Q=M/RxSU2)) = .
u~1(1)/ SU(2) a QKT orbifold M= (p (1) xR)/Z(9,2)
(of special type).

with g1 is HKT with special
E.g. Q = kCP(2). isometry X

For S 3-Sasaki, M = S x R

warped product, is

hyperKéhler with special

homothety « = —2
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SUPERCONFORMAL GEOMETRY Il

Get to a = 0, special isometry,

M = H"1\ {0} — HP(n) by potential change
a=2,b=-2,a=-2

1 | T
§1= 8~ 5 5(d"H)

POON AND SWANN (2003) ne o 2
a # 0 corresponds to Discrete quotient
Q=M/(RxSU(_2)) = .
u~1(1)/ SU(2) a QKT orbifold M= (p (1) xR)/Z(9,2)
(of special type). with g7 is HKT with special
E.g. Q = kCP(2). isometry X
For S 3-Sasaki, M = S x R .

d oroduct. i In this case
warped product, is . dX —0

hyperKéhler with special

homothety & = —2 (M) >1
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m X generating a circle
action on M

= (P,6,Y) 5 M an invariant
principal S!-bundle
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T-pDuALITY AS A TWIST

m X generating a circle
action on M

= (P,6,Y) 5 M an invariant
principal S'-bundle

m X' = X +aY alift of X
generating a free circle
action, da = —X _Fy

ANDREW SWANN Tors1oN, SuCoSy, T-DUALITY



TORSION SUPERCONFORMAL T-DUAL SUMMARY Twist HKT CircLE

T-pDuALITY AS A TWIST

m X generating a circle P

action on M % Nw

m (P,6,Y) 5 M an invariant M
principal S'-bundle

m X' = X +aY alift of X
generating a free circle
action, da = —X 1 Fy

DEFINITION

A twist W of M with respect to
Xis
W:=P/(X)

Transverse locally free lifts
always exist for X 1 Fy exact.
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T-pDuALITY AS A TWIST

m X generating a circle P
action onﬂM . . % Nw

m (P,0,Y) — M an invariant M W
principal S'-bundle

& X' — X+ a a lift of X
generating a free circle M is a twist of W with respect
action, da = —X JFy to Xy = (7tw)+Y, Ow = %9

DEFINITION

A twist W of M with respect to
Xis
W:=P/(X)

Transverse locally free lifts
always exist for X 1 Fy exact.
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T-pDuALITY AS A TWIST

Twist HKT CircLE

m X generating a circle
action on M

m (P,0,Y) Z, M an invariant
principal S'-bundle

m X' = X +aY alift of X
generating a free circle
action, da = —X _Fy

DEFINITION

A twist W of M with respect to
Xis
W:=P/(X)

Transverse locally free lifts
always exist for X 1 Fy exact.

ANDREW SWANN

V \‘TW
Y X'

M 144

DuaLrLy

M is a twist of W with respect
to X = (7tw).Y, Ow = 160

DEFINITION

Tensors « on ay on M and W
are H-related, oy ~,, o if their
pull-backs agree on H = ker 0

doyy ~yy doz—Fg/\%X_ux
if invariant

Tors1oN, SuCoSy, T-DUALITY
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For HKT need

Twist by
gw~n 8 F ~y Fete
Then
IdF}Y ~y, 1dF, + 1X° A TP,

«O0>» <> «E» < ’ o
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Twisting HKT

Twist HKT CircLE

Twist by

SW ~n 8 F}’V ~y Fp, etc.
Then

IdF}Y ~;, IdF; + 1X° A TFy
For HKT need

c= —IdFI = —]dF] = —KdFK

PrRoOPOSITION

HKT twists to HKT via a circle if
and only if Fg € S’E = A}’l,
Le., an instanton

ANDREW SWANN
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Twisting HKT

Twist HKT CircLE

Twist by

SW ~n 8 F}’V ~y Fp, etc.
Then

IdF}Y ~;, IdF; + 1X° A TFy
For HKT need

c= —IdFI = —]dF] = —KdPK

PROPOSITION

HKT twists to HKT via a circle if
and only if Fg € S’E = A}’l,
i.e., an instanton

ANDREW SWANN

X a special isometry, X 1Fg =0
twists to Xy a special isometry

THEOREM

M HKT with special isometry

(x = —1). Can
m untwist locally to X’ =0
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Then
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For HKT need

c= —IdFI = —]dF] = —KdPK
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HKT twists to HKT via a circle if
and only if Fg € S’E = A}’l,
i.e., an instanton
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X a special isometry, X 1Fy = 0
twists to Xy a special isometry

THEOREM

M HKT with special isometry

(x = —1). Can
m untwist locally to X’ =0
onS xSt
m change potential on S x R to
a#0,(0=-2)

Fg = dX’ is an instanton

Many simply-connected
examples when b,(S) > 1
E.g., Q =kCP(2)
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B M=N; xN, HKT nilmanifold M = G/T
m N, with an HKT circle g" basis ey, ..., e, with
symmetry X dei 1 € A2 spaniey, ..., e}
m [Fy] € H*(N1,Z), Fy € S°E
Twists to Ny, — W — N; HKT BARBERIS, DOTTI MIATELLO,
with circle symmetry AND VERBITSKY (2007)

) I, ], K are Abelian
Generate simply-connected

examples de;y1 € S’EN A?span{ey, ..., e}
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Fy self-dual, primitive

Generalises to torus actions
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GENERAL HKT witea CIRCLE SYMMETRY

mM=N; XN,
m N, with an HKT circle
symmetry X

m [Fy] € H?(Ny,Z), Fg € S’E
Twists to N, — W — N7 HKT
with circle symmetry

Generate simply-connected
examples

EXAMPLE

N; a K3 surface
Fy self-dual, primitive

Generalises to torus actions

ANDREW SWANN

HKT nilmanifold M = G/T
g* basis ey, ...,e, with

d€i+1 S A? span{el, . ,ez-}

BARBERIS, DOTTI MIATELLO,
AND VERBITSKY (2007)

I, ], K are Abelian

de;y1 € S’EN A?span{ey, ..., e}

ProrosiTion

Every HKT nilmanifold may be
obtained by successive twists of a
torus T4".
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SUMMARY

m D(2,1;a) superconformal symmetry realised by HKT with
R x SU(2) action

m « # —1 comes from R x SO(3) bundles over certain QKT
orbifolds
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SUMMARY

m D(2,1;a) superconformal symmetry realised by HKT with
R x SU(2) action

m « # —1 comes from R x SO(3) bundles over certain QKT
orbifolds

®m « = —1 comes from previous examples via change of
potential and twist

m construct non-homogeneous compact simply-connected
examples with « = —1

m construct other compact HKT manifolds by further twists

® non-instanton twists by tori

Z(u’l)ini N IF; independent of I
ij

gives further non-compact HKT examples
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